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THE CLOSURE PROBLEM

198 BOUNDARY LAYER METEOROLOGY 

To demonstrate the closure problem, recall from equations 3.5.3 in Chapter 3 that the 
forecast equation for a mean variable such as potential temperature has at least one 

turbulence term in it, such as a(u j '8')/i)xj. A quantity like uj '8' is called a double 

correlation, or a second statistical moment. To eliminate this as an unknown 
we derived a forecast equation for it in Chapter 4 (equation 4.4.3). Unfortunately, this 
equation contained additional triple correlation (third moment) terms such as 

8 'u. 'u . '. As you might expect, if we were to write an equation for this third moment, it , J 

would contain a fourth-moment quantity. 

The matter is even worse than highlighted above, because 8 'u i 'u j' really represents 9 

terms, one for each value of i and j. Of these 9 terms, 6 remain as unknowns because of 

symmetries in the tensor matrix (e.g., 8'u I 'u2 ' = 8'u2 'u I '). Similar problems occur for 

the turbulence equations for momentum, as is shown in Table 6-1. There is an easy way 
to anticipate which unknowns remain at any level of closure after symmetries are 
considered, as is shown in Table 6-2 for momentum correlations. In the full equations of 
motion there are additional unknowns such as pressure correlations and terms involving 
viscosity. 

Table 6-1 . Simplified example showing a tally of equations and unknowns for various 
statistical moments of momentum, demonstrating the closure problem for turbulent flow. The 
full set of equations includes even more unknowns. 
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III IV v 

represents local storage or tendency of TKE. 
describes the advection of TKE by the mean wind. 

VI 
(5.la) 
VII 

is the buoyant production or consumption term. It is a 

production or loss tenn depending on whether the heat flux u.'9 ' is 
I v 

positive (during daytime over land) or negative (at night over land), 
is a mechanical or shear production/loss term. The momentum 

flux u.'u.' is usually of opposite sign from the mean wind shear, 
I J 

because the momentum of the wind is usually lost downward to the 
ground. Thus, Tenn IV results in a positive contribution to TKE when 
multiplied by a negative sign. 

Term V represents the turbulent transport of TKE. It describes how TKE 
is moved around by the turbulent eddies uf 

Tenn VI is a pressure correlation term that describes how TKE is 
redistributed by pressure perturbations. It is often associated with 
oscillations in the air (buoyancy or gravity waves). 

Tenn VII represents the viscous dissipation of TKE; i.e., the conversion of 
TKE into heat. 

If we choose a coordinate system aligned with the mean wind, assume horizontal 
homogeneity, and neglect subsidence, then a special fonn of the TKE budget equation can 
be written 

- 1 -,-, au d\. wed\. 
u w az -az - p --=--a-z---'- - e (5.lb) 

III IV v VI VII 

Turbulence is dissipative. Tenn VII is a loss tenn that always exists whenever 
TKE is nonzero. Physically, this means that turbulence will tend to decrease and 
disappear with time, unless it can be generated locally or transported in by mean, 
turbulent, or pressure processes. Thus, TKE is not a conserved quantity. The boundary 
layer can be turbulent only if there are specific physical processes generating the 
turbulence. In the next subsections, the role of each of the tenns is examined in more 
detail. 

Stull (1988)



TKE BUDGET

Stull (1988)

The right-hand side contains all terms that generate, destroy, or redistribute TKE  

➤ horizontal homogeneity (horizontal gradients zero) 

➤ mean wind aligned with x-axis of coordinate system

152 BOUNDARY LAYER METEOROLOOY 

ae - ae g (--) - + u.- = + au -=- ui '9 y ' at J ax. 9 - e 

II 

TennI 
TennII 
Tennill 

TennIV 

J y 

III IV v 

represents local storage or tendency of TKE. 
describes the advection of TKE by the mean wind. 

VI 
(5.la) 
VII 

is the buoyant production or consumption term. It is a 

production or loss tenn depending on whether the heat flux u.'9 ' is 
I v 

positive (during daytime over land) or negative (at night over land), 
is a mechanical or shear production/loss term. The momentum 

flux u.'u.' is usually of opposite sign from the mean wind shear, 
I J 

because the momentum of the wind is usually lost downward to the 
ground. Thus, Tenn IV results in a positive contribution to TKE when 
multiplied by a negative sign. 

Term V represents the turbulent transport of TKE. It describes how TKE 
is moved around by the turbulent eddies uf 

Tenn VI is a pressure correlation term that describes how TKE is 
redistributed by pressure perturbations. It is often associated with 
oscillations in the air (buoyancy or gravity waves). 

Tenn VII represents the viscous dissipation of TKE; i.e., the conversion of 
TKE into heat. 

If we choose a coordinate system aligned with the mean wind, assume horizontal 
homogeneity, and neglect subsidence, then a special fonn of the TKE budget equation can 
be written 

- 1 -,-, au d\. wed\. 
u w az -az - p --=--a-z---'- - e (5.lb) 

III IV v VI VII 

Turbulence is dissipative. Tenn VII is a loss tenn that always exists whenever 
TKE is nonzero. Physically, this means that turbulence will tend to decrease and 
disappear with time, unless it can be generated locally or transported in by mean, 
turbulent, or pressure processes. Thus, TKE is not a conserved quantity. The boundary 
layer can be turbulent only if there are specific physical processes generating the 
turbulence. In the next subsections, the role of each of the tenns is examined in more 
detail. 

local storage or tendency
advection by mean flow
buoyancy production / loss
mechanical or shear production / loss
turbulent transport
pressure correlation term
viscous dissipation
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dissipation: ε > 0 always, i.e. turbulence can only last if forcing is existing 
stronger for smaller eddies and stronger TKE (ε ∝ intensity of TKE), i.e. dissipation is the strongest at locations of 
strongest TKE production, i.e. close to the surface  

buoyant production: large over warm surfaces (e.g. daytime over land) and in growing cumulus cloud layers  
negative buoyancy fluxes as in statically stable conditions suppress or consume TKE 
most important term in free turbulence  

shear production: strongest near surface (strongest mean shear and momentum fluxes) and at top of BL, where 
subgeostrophic BL winds recover to the geostrophic winds of the free atmosphere (directional shear) 

turbulent transport: no TKE production/dissipation, only spatial redistribution of TKE.  This way it serves as local source/sink 
of TKE, but the total TKE in the boundary layer is not affected (follows from the divergence theorem.) 

Assuming horizontal homogeneity, only the vertical transport of TKE contributes. Maximum in the middle of the ML  
(z = 0.3zi − 0.5zi), i.e. some of the TKE of the lower BL is transported upward, where it is dissipated.  

The turbulent transport term is important to maintain the TKE budget in the regions where the buoyancy production of the 
TKE is small (or the buoyancy flux is negative, i.e., the TKE is spent to work against the gravity).  

pressure correlation term: only redistributes the TKE vertically, like the turbulent transport term.  

Stull (Chapter 5)



Buoyancy Production:  

Relative contributions from sensible and latent heat 
fluxes are very different for clear and cloud conditions 

• clear condition: sensible heat flux dominates 
buoyancy flux 
BF ~SHF + 0.07*LH 

• cloud conditions: latent and sensible heat flux 
contributions are comparable 
BF ~0.5*SHF + 0.5*LHF 

Buoyancy$producBon$

2.2 Turbulent Kinetic Energy Prognostic Equation and Di↵usion

The TKE prognostic equation is
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fraction of a grid box that is saturated. Thus,
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With the same notations as in the previous section, the equation is:
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2.3 Diagnosis of Cloud Fraction and Liquid Water Content

The Sommeria-Deardor↵ cloud scheme assumes a bivariate normal distribution of ✓

l

and
q

t

, and diagnoses the cloud fraction CC and liquid water content q

l

by calculating the
probability of saturation.

The ”saturation excess” is defined as:
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•  RelaBve$contribuBons$from$

sensible$and$latent$heat$fluxes$
are$very$different$for$clear$and$
cloudy$condiBons$
-  For$clear$condiBon$(‘D’),$

sensible$heat$flux$
dominates$buoyancy$flux$$
$(BF~SHF+0.07*LHF)$

-  For$cloudy$condiBon$
(‘W’),$latent$and$sensible$
heat$flux$contribuBons$
are$comparable$
(BF~0.5*SHF+0.5*LHF)$
$

•  Buoyancy$producBon$of$TKE$is$
enhanced$within$clouds$by$
latent$heat$release$



DIURNAL CYCLE (DCBL)
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S.2 Contributions to the TKE Budget 

5.2.1 Term 1: Storage 

Fig 2.10 shows that there can be substantial variation in the magnitude of TKE with 
time at anyone height. Fig 5.1 shows a simulation of TKE over a two day period, where 
a dramatic increase and decrease of TKE occurs within each diurnal cycle. An increase in 
TKE from a small early morning value to a larger early afternoon value represents a net 
storage ofTKE in the air. In panicular, nonturbulent FA air just above the ML top must 
be spun up (i.e., its turbulence intensity must increase from near zero to the current ML 
value) as entrainment incorporates it into the ML. 

Over a land surface experiencing a strong diurnal cycle, typical order of magnitudes 
for this tenn range from about 5 x to·s m2 s·3 for surface-layer air over a 6 h interval, to 
about 5 x to-3 m2 s-3 for FA air that is spun up over 15 min (i.e., over a time interval 
corresponding to t.). Fig 5.2 shows sample observations of TKE made in the surface 

layer, where TKE varies by about two orders of magnitude. 
During the later afternoon and evening. a corresponding spin down (i.e., decrease 

of TKE with time) occurs where dissipation and other losses exceed the production of 
turbulence. The storage tenn is thus negative during this transition phase. 

! 
1: 
Q 
'Qj 
::t: 

0.05 

1.0 

0.5 

0 .05 --

__ 
o 0 6 

--.------08y 34 ----.... "'I.o---08y 35--l 

Time (h) 

Fig. 5.1 Modeled time and space variation of e (turbulence kinetic energy. 
units m2S'2 ). for Wangara. From Yamada and Mellor (1975). 

Figure: Stull (1988)



PRESSURE CORRELATION TERM

pressure redistribution term: describes how TKE is redistributed by pressure perturbations.  

➤ It is often associated with oscillations in the air (buoyancy or gravity waves). (Stull)

➤ cancels to zero in TKE equation (sum over all i results to zero due to the continuity equation)

➤ Tends to take energy out of the components having the most energy and put it into components with less energy. 
Thus it makes the turbulence more isotropic, and is also known as the return-to-isotropy term. 

TURBULENT FLUX AND VARIANCE 123 

(
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It is obvious that this tenn is always positive, because it is a squared quantity. Therefore, 
when used in (4.3.1a) with the negative sign as required by (4.3.lc), it is always causing 
a decrease in the variance with time. That is, it is always a loss term. In addition, it 
becomes larger in magnitude as the eddy size becomes smaller. For these small eddies, 
the eddy motions are rapidly damped by viscosity and irreversibly converted into heat. 
[This heating rate is so small, however, that it has been neglected in the heat conservation 
equation (3.4.Sb).] 

Pressure Perturbations. Using the product rule of calculus again, the pressure 

tenn -2 (u.'/p) ap'/ax. in (4.3.1a) can be rewritten as 
I I 

( u;') ap' _ a (u;'p') (L) [au;'] 
-2 - - - - - + 2 - a 

pax; pax; p x; 

The last tenn is called the pressure redistribution term. The factor in square 
brackets consists of the sum of three tenns: au'/ax, av'/ay, and aw'/az. These tenns 
sum to zero because of the turbulence continuity equation (3.4.2c); hence, the last tenn in 
the equation above does not change the total variance (by total variance we mean the sum 
of all three variance components). But it does tend to take energy out of the components 
having the most energy and put it into components with less energy. Thus it makes the 
turbulence more isotropic, and is also known as the return-to-isotropy term. 

Tenns like au'/ax are larger for the smaller size eddies. Thus, we would expect that 
smaller size eddies are more isotropic than larger ones. As we shall see later, this is 
indeed the case in the boundary layer. 

The end result of this analysis is that: 

( u;') ap' 
-2 - - _ 

pax; 
(4.3.le) 

Coriolis Term. The Coriolis tenn 2f ("3 u.'u.' is identically zero for velocity 
C IJ I J 

variances, as can be seen by performing the sums implied by the repeated indices: 

Momentum Variance Budget: 

pressure redistribution term  
(return-to-isotropy-term) 

—> cancels in the TKE 
equation

Figure: Rotta (1951a, b)
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PRESSURE CORRELATION TERM
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It is obvious that this tenn is always positive, because it is a squared quantity. Therefore, 
when used in (4.3.1a) with the negative sign as required by (4.3.lc), it is always causing 
a decrease in the variance with time. That is, it is always a loss term. In addition, it 
becomes larger in magnitude as the eddy size becomes smaller. For these small eddies, 
the eddy motions are rapidly damped by viscosity and irreversibly converted into heat. 
[This heating rate is so small, however, that it has been neglected in the heat conservation 
equation (3.4.Sb).] 

Pressure Perturbations. Using the product rule of calculus again, the pressure 

tenn -2 (u.'/p) ap'/ax. in (4.3.1a) can be rewritten as 
I I 

( u;') ap' _ a (u;'p') (L) [au;'] 
-2 - - - - - + 2 - a 

pax; pax; p x; 

The last tenn is called the pressure redistribution term. The factor in square 
brackets consists of the sum of three tenns: au'/ax, av'/ay, and aw'/az. These tenns 
sum to zero because of the turbulence continuity equation (3.4.2c); hence, the last tenn in 
the equation above does not change the total variance (by total variance we mean the sum 
of all three variance components). But it does tend to take energy out of the components 
having the most energy and put it into components with less energy. Thus it makes the 
turbulence more isotropic, and is also known as the return-to-isotropy term. 

Tenns like au'/ax are larger for the smaller size eddies. Thus, we would expect that 
smaller size eddies are more isotropic than larger ones. As we shall see later, this is 
indeed the case in the boundary layer. 

The end result of this analysis is that: 

( u;') ap' 
-2 - - _ 

pax; 
(4.3.le) 

Coriolis Term. The Coriolis tenn 2f ("3 u.'u.' is identically zero for velocity 
C IJ I J 

variances, as can be seen by performing the sums implied by the repeated indices: 

Momentum Variance Budget: 

pressure redistribution term  
(return-to-isotropy-term) 

—> cancels in the TKE 
equation
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8. Energieaustausch zwischen verschiedenen Geschwindigkeitskomponenten. 
Wir wollen uns zun~chst mit den Korrdationefi zwischen den Druck- 

schwankungen und den Schwankungen des Geschwindigkeitsgradienten 
p ~u~ besch~iftigen. Wegen der Kontinuit~ttsbedingung (2.t) wird 

o x i 
.3 '3 

~ p ?~' = S ~ ~ i  
i=1. i=1 

Diese Glieder tragen daher nichts zum Gesamthaushalt der kinetischen 
Energie bei. Bei Herteitung der Energiegleichung (2A3) fiir alle 
drei senkrecht zueinander wirkenden 
Schwankungskomp~ ~tul3ert 
sich dieses in einem Fortfallen der 
Glieder p ~u~ Sie bewirken nut einen ~xi " 
Energieaustausch Zwischen den ver- 
schiedenen SchwankungskomponenL 
ten. L~i3t man die yon der Grund- 

Fig. t. Zusammentreffen zweier Turbulenzballen. 

str6inung verursachten Beitr/ige zun~ichst auBer acht, so kann man sich 
einen solchen Austausch etwa folgendermaBen zustande kommen denken : 

Wenn sich zwei Turbulenzelemente (oder Turbulenzba]len), parallel 
zur x~-Achse von verschiedenen Seiten kommend, auf den Punkt 0 zu 
bewegen, Fi~. 1, so wird die dazwischen befindliChe Fliissigkeit heraus- 
gedr~tngt. Befindet sich bei 0 im gleichen Augenblick ein Druckmaxi- 
mum, so hat die Komponente u~ eine Arbeit zu leisten und verliert da '  
dutch an kinetischer Energie. Andererseits erfiihrt die Komponente u~- 
eine Beschleunigung. Es findet in diesem Falle also eine, Energieabgabe 
yon der Komponente u i an u i statt. Da in dem Beispiel ~i~i/~x i bei 0 

 9 ~ u i  negat iv is t ,  so ist auch p--~-~i negativ. Aus dieser Betrachtung wird 

klar, wie bei negativen p-~-xi Energie yon der ui-Komponente an 
die fibrigen Komponenten abgegeben wird. Bei positivem p-~x~ 
empfiingt die Komponente u~ dagegen Energie yon den anderen Kom- 
ponenten. 

Bei den geschilderten Uberlegungen mul3 man bedenken, dab die 
Turbulenzballen erstens keine feste Umrandung und zweitens nur be- 
grenzte Lebensdauer besitzen. S i e  stetlen also keine unver~inderlichen 
Teile dar, wie etwa die Molekfile eines Gases. Insbesondere kann man 
nicht das in der kinetischen Gastheorle so erfolgreiche Modell starter 
Kugeln anwenden, die sich beiln Zusammentreffen elastisch stoBen. 
Wenn sich zwei Turbulenzballen, wie in ]?ig. t gezeigt, einander 
n~hern und schliel31ich ,,aufeinanderprallen" , so verlieren sie sicher ihre 

Rotta (1951a, b)

pressure redistribution term:

pressure maximum

negative: ui gains kinetic energy from other 
components 

positive: ui loses kinetic energy 
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TKE BUDGETS

Shallow Convection 
(Bomex)

Stratocumulus 
(DYCOMS)

Stable BL 
(GABLS)

DCBL



DRY CONVECTIVE BOUNDARY LAYER (DCBL)
➤ buoyant production dominates (in this case 

zero mean wind) 
➤ negative in entrainment zone 

➤ shear production:  
➤ near surface 
➤ directional shear: given if non-zero 

geostrophic wind in free troposphere 

➤ transport term: vertical transport of TKE 
➤ important to compensate for loss of TKE by 

negative buoyancy term in entrainment 
zone 

➤ rate of change ~ - dissipation 
—> dissipation strongly depends on numerical 
advection scheme (numerical diffusion)



DCBL: TURBULENT TRANSPORT TERM
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FREE CONVECTION VS. FORCED CONVECTION

forced vs. free convection = Mechanical vs. buoyant production 

Both forcings are anisotropic:  
• buoyant production only forces the variance of the vertical velocity 

• shear production predominantly forces the horizontal variances (∂zw negligible in BL) 

Although the pressure correlation terms acts to restore the isotropy, this anisotropy footprint of the different 
cases is visible in the "shape" of the turbulent structures (thermals etc.)  

Moeng and Sullivan (JAMS, 1994)

TKE Budget:
buoyancyshear



DCBL: SHEAR VS. BUOYANCY DRIVEN

Moeng and Sullivan (JAMS, 1994)

buoyancyshear

TKE:

variance:
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DCBL: SHEAR VS. BUOYANCY DRIVEN

Moeng and Sullivan (JAMS, 1994)

vertical velocity field
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SHALLOW CONVECTION (BOMEX)

Plots:  
A Large Eddy Simulation Intercomparison Study of Shallow Cumulus Convection,  Siebesma et al. , Journal of Atmospheric Sciences (2003)
Cloud Observatory on Barbados, MPI: mpimet.mpg.de

Strat

http://www.eol.ucar.edu/field_projects/rico

potential temperature specific humidity

liquid waterhorizontal wind u, v

cloud layer

Mixed Layer (DCBL)

conditionally  
unstable layer

stable layer

http://mpimet.mpg.de
http://www.eol.ucar.edu/field_projects/rico


SHALLOW CONVECTION

Bomex, Heinze et al. (JAMES, 2015)

➤ sub-cloud layer: very similar to DCBL 

➤ turbulent transport: 
➤ sub-cloud like DCBL 
➤ cloud layer ??? 

➤ production:  
➤ sub-cloud layer:  

buoyancy from surface heat flux  
shear production 

➤ cloud layer: buoyancy production from latent heating 

➤ dissipation: proportional to TKE intensity 

➤ TKE production decreases when precipiation is active, as 
it affects the buoyancy production (e.g. Stevens, 1998)

gray shading: cloud layer

DCBL

sub-cloud layer



SHALLOW CONVECTION

Bomex, Heinze et al. (JAMES, 2015)

➤ sub-cloud layer: very similar to DCBL 

➤ turbulent transport: 
➤ sub-cloud like DCBL 
➤ cloud layer ??? 

➤ production:  
➤ sub-cloud layer:  

buoyancy from surface heat flux  
shear production 

➤ cloud layer: buoyancy production from latent heating 

➤ dissipation: proportional to TKE intensity 

➤ TKE production decreases when precipiation is active, as 
it affects the buoyancy production (e.g. Stevens, 1998)

gray shading: cloud layer

The profile of TKE in the stratocumulus-topped boundary layer, Figure 3b, also shows large values near
the surface. A peak near the top of the stratocumulus layer is even more pronounced than in the cumu-
lus case.

Vertical profiles of terms in the TKE budget are shown in Figure 4. In both CTBLs, the TKE production
due to mean-velocity shear GTKE is large near the surface, where it is the leading-order term in the TKE
budget, and is small aloft. In the BOMEX case (Figure 4a), however, there is also substantial TKE produc-
tion at the bottom of the cloud layer due to directional shear (the wind turns quickly toward the geo-
strophic wind).

In contrast to the mean-velocity shear term, the buoyancy term BTKE is important over the entire boundary
layer. In both CTBLs, BTKE decreases linearly with height from the surface to the top of the subcloud layer. In
the BOMEX case, Figure 4a, the profile of BTKE in the subcloud layer is very similar to the buoyancy-term pro-
file in the dry convective boundary layer driven by the surface buoyancy flux (case FC, Figure 1). Both pro-
files are linear with the negative buoyancy flux due to entrainment at the top of the respective layer. The
buoyancy production of TKE is large within the cloud layer in both CTBLs. This is attributed to the release of
latent heat during the cloud formation process. In the DYCOMS case, there is an additional kinetic-energy
production mechanism due to the cloud top long-wave radiation cooling, leading to the top-down nega-
tively buoyant thermals. At the top of the mixed layer which is at x35500 m for BOMEX and x35850 m for
DYCOMS, BTKE is negative. In these regions, TKE is destroyed by buoyancy as the warm air from above is
entrained into the mixed layers.

The dissipation rate Dre
TKE is a major sink of TKE for both CTBLs. It has maxima near the surface and within

the cloud layers, where the TKE production by mean-velocity shear and buoyancy, respectively, is most
significant.

The turbulent transport terms due to third-order velocity correlations, T t
TKE, and the pressure-velocity corre-

lations, T p
TKE, redistribute the TKE vertically. They serve as local sources/sinks of TKE, but the total TKE in the

boundary layer is not affected (this simply follows from the divergence theorem, see, e.g., Tennekes and
Lumley [1972, p. 60]).

In the BOMEX case (Figure 4a), the turbulent transport redistributes the TKE from the lower subcloud
layer and the lower cumulus cloud layer toward the upper subcloud layer and the upper cloud layer. In
the DYCOMS case (Figure 4b), the TKE is transported from the lower subcloud layer and the upper stra-
tocumulus cloud layer toward the upper subcloud layer and lower cloud layer. In both CTBLs, the turbu-
lent transport term T t

TKE is important to maintain the TKE budget in the regions where the buoyancy
production of the TKE is small (or the buoyancy flux is negative, i.e., the TKE is spent to work against
the gravity).

Figure 3. Vertical profiles of TKE5 1
2 h!u

002
i i1hei, horizontal-velocity variances UU5h!u 0021 i1hs11i and VV5h!u 0022 i1hs22i, and vertical-velocity

variance WW5h!u 0023 i1hs33i for (a) BOMEX and (b) DYCOMS. The profiles are obtained by means of averaging over the last 3 h of simulation
for BOMEX and over the last 2 h of simulation for DYCOMS. The gray shading indicates the cloud layer.

Journal of Advances in Modeling Earth Systems 10.1002/2014MS000376
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SHALLOW CONVECTION

Bomex, Heinze et al. (JAMES, 2015)

In the BOMEX case (Figure 4a), the profile of the pressure transport term T p
TKE is somewhat similar in shape

to the profile of the (negative of) turbulent transport term T t
TKE. This similarity is also seen in DYCOMS (Fig-

ure 4b) but only in the subcloud layer. In the stratocumulus-topped boundary layer, T p
TKE reveals a pro-

nounced maximum at the top of the cloud layer, where it is the only source of TKE. In both CTBLs, T p
TKE and

T t
TKE tend to compensate each other.

Our results as to the TKE budget are in good agreement with previous LES studies of the cumulus-topped
[e.g., Cuijpers et al., 1996; Brown, 1999] and the stratocumulus-topped [e.g., Deardorff, 1980; Moeng, 1986]
boundary layers.

3.3.2. Velocity Variances
Vertical profiles of horizontal-velocity variances UU5h!u 0021 i1hs11i and VV5h!u 0022 i1hs22i are similar in shape
to the TKE profile in both CTBLs (Figure 3). In the BOMEX case (Figure 3a), the vertical-velocity variance WW
5h!u 0023 i1hs33i has a maximum in the middle of the subcloud layer and a second maximum at the top of the
cumulus cloud layer. The WW profile in the subcloud layer is very similar in shape to the WW profile in the
dry convective boundary layer driven by the surface buoyancy flux (case FC). In the DYCOMS case (Figure
3b), WW has a single maximum very near the stratocumulus layer bottom, indicating that the cloud layer
and the subcloud layer are well coupled. Near the top of the stratocumulus layer, convective updrafts
impinge on a strongly stable layer (capping inversion) and are deflected sideways, leading to large
horizontal-velocity variances at the expense of the vertical-velocity variance.

Vertical profiles of terms in the budgets of the velocity variances are shown in Figure 5. The shear terms G11

and G22 in the UU and VV budgets, respectively, are positive and large in the surface layer in both CTBLs
(Figures 5a–5d). Since G3350, the shear term in the TKE budget is GTKE5 1

2 G111G22ð Þ. That is, the production
(destruction) of TKE due to mean-velocity shear occurs through the horizontal velocity components. The
buoyancy term B33 is only present in the vertical-velocity variance budget, that is, the production (destruc-
tion) of TKE due to buoyancy effects occurs through the vertical velocity component (a discussion of the
buoyancy production/destruction of TKE is given in section 3.3.1 and is not repeated here in relation to the
WW budget as B33 is just twice BTKE). As the shear and buoyancy production (destruction) of the velocity
variances are very different in terms of the magnitude of the respective budget terms and in terms of their
vertical structure (the shear production occurs primarily near the underlying surface, whereas the buoyancy
production is a maximum in the cloud layer), turbulence turns out to be (strongly) anisotropic.

The anisotropy introduced by shear and buoyancy is counteracted by the pressure-strain correlation
Pij1P ij , which is also referred to as the pressure scrambling term. This term is a traceless tensor, see equa-
tion (1). Hence, it does not change the TKE but acts to redistribute kinetic energy of turbulence between
the components. A detailed discussion of the pressure scrambling term is beyond the scope of the present

Figure 4. Vertical profiles of terms in the TKE budget for (a) BOMEX and (b) DYCOMS. Notation is given in section 3.1. The dissipation rate
Dre

TKE is determined with the residual method. The storage termMTKE is negligibly small and is not plotted. Gray shading and time averag-
ing as in Figure 3.

Journal of Advances in Modeling Earth Systems 10.1002/2014MS000376
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gray shading: cloud layer

The profile of TKE in the stratocumulus-topped boundary layer, Figure 3b, also shows large values near
the surface. A peak near the top of the stratocumulus layer is even more pronounced than in the cumu-
lus case.

Vertical profiles of terms in the TKE budget are shown in Figure 4. In both CTBLs, the TKE production
due to mean-velocity shear GTKE is large near the surface, where it is the leading-order term in the TKE
budget, and is small aloft. In the BOMEX case (Figure 4a), however, there is also substantial TKE produc-
tion at the bottom of the cloud layer due to directional shear (the wind turns quickly toward the geo-
strophic wind).

In contrast to the mean-velocity shear term, the buoyancy term BTKE is important over the entire boundary
layer. In both CTBLs, BTKE decreases linearly with height from the surface to the top of the subcloud layer. In
the BOMEX case, Figure 4a, the profile of BTKE in the subcloud layer is very similar to the buoyancy-term pro-
file in the dry convective boundary layer driven by the surface buoyancy flux (case FC, Figure 1). Both pro-
files are linear with the negative buoyancy flux due to entrainment at the top of the respective layer. The
buoyancy production of TKE is large within the cloud layer in both CTBLs. This is attributed to the release of
latent heat during the cloud formation process. In the DYCOMS case, there is an additional kinetic-energy
production mechanism due to the cloud top long-wave radiation cooling, leading to the top-down nega-
tively buoyant thermals. At the top of the mixed layer which is at x35500 m for BOMEX and x35850 m for
DYCOMS, BTKE is negative. In these regions, TKE is destroyed by buoyancy as the warm air from above is
entrained into the mixed layers.

The dissipation rate Dre
TKE is a major sink of TKE for both CTBLs. It has maxima near the surface and within

the cloud layers, where the TKE production by mean-velocity shear and buoyancy, respectively, is most
significant.

The turbulent transport terms due to third-order velocity correlations, T t
TKE, and the pressure-velocity corre-

lations, T p
TKE, redistribute the TKE vertically. They serve as local sources/sinks of TKE, but the total TKE in the

boundary layer is not affected (this simply follows from the divergence theorem, see, e.g., Tennekes and
Lumley [1972, p. 60]).

In the BOMEX case (Figure 4a), the turbulent transport redistributes the TKE from the lower subcloud
layer and the lower cumulus cloud layer toward the upper subcloud layer and the upper cloud layer. In
the DYCOMS case (Figure 4b), the TKE is transported from the lower subcloud layer and the upper stra-
tocumulus cloud layer toward the upper subcloud layer and lower cloud layer. In both CTBLs, the turbu-
lent transport term T t

TKE is important to maintain the TKE budget in the regions where the buoyancy
production of the TKE is small (or the buoyancy flux is negative, i.e., the TKE is spent to work against
the gravity).

Figure 3. Vertical profiles of TKE5 1
2 h!u

002
i i1hei, horizontal-velocity variances UU5h!u 0021 i1hs11i and VV5h!u 0022 i1hs22i, and vertical-velocity

variance WW5h!u 0023 i1hs33i for (a) BOMEX and (b) DYCOMS. The profiles are obtained by means of averaging over the last 3 h of simulation
for BOMEX and over the last 2 h of simulation for DYCOMS. The gray shading indicates the cloud layer.
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gray shading: cloud layer

Shallow Convection 
(Bomex)



STABLE BOUNDARY LAYER

➤ stable = no convection 

➤ production:  
➤ clearly dominated by shear (mechanical) close to 

surface 
➤ buoyant production negative (= cooling)

Stable BL 
(GABLS)



STRATOCUMULUS
➤ sub-cloud layer = DCBL 

➤ decoupled vs. coupled stratocumulus layer 

➤ turbulent transport: 
➤ sub-cloud layer = DCBL 
➤ cloud layer: negative at the top due to negative 

entrainment flux of dry, warm air  

➤ buoyant production:  
➤ sub-cloud layer: surface heating 

(always positive, i.e. no entrainment below the 
cloud layer) 

➤ cloud layer:  
within cloud layer: latent heating (positive)  
cloud top entrainment: cloud top long-wave 
radiation cooling leads to top-down negatively 
buoyant thermals, which entrains warm air from 
above (negative)

DYCOMS, Heinze et al. (JAMES, 2015)

The profile of TKE in the stratocumulus-topped boundary layer, Figure 3b, also shows large values near
the surface. A peak near the top of the stratocumulus layer is even more pronounced than in the cumu-
lus case.

Vertical profiles of terms in the TKE budget are shown in Figure 4. In both CTBLs, the TKE production
due to mean-velocity shear GTKE is large near the surface, where it is the leading-order term in the TKE
budget, and is small aloft. In the BOMEX case (Figure 4a), however, there is also substantial TKE produc-
tion at the bottom of the cloud layer due to directional shear (the wind turns quickly toward the geo-
strophic wind).

In contrast to the mean-velocity shear term, the buoyancy term BTKE is important over the entire boundary
layer. In both CTBLs, BTKE decreases linearly with height from the surface to the top of the subcloud layer. In
the BOMEX case, Figure 4a, the profile of BTKE in the subcloud layer is very similar to the buoyancy-term pro-
file in the dry convective boundary layer driven by the surface buoyancy flux (case FC, Figure 1). Both pro-
files are linear with the negative buoyancy flux due to entrainment at the top of the respective layer. The
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STRATOCUMULUS

A stratocumulus layer is decoupled if… 

 • the convective heat flux due to surface heating does not penetrate into the cloud layer, but 
becomes zero at the cloud base (Figure (a)) 

 • the sub-cloud and cloud layer both entrain independently across the inversion at the cloud 
base  (Figure (b)) 

 • the radiative cooling from the cloud top only leads to a cooling heat flux throughout the cloud 
layer; the sub-cloud layer is not affected at all (same is true for the IR heating at the cloud base 
and the solar heating at the cloud top) 

Stull (1988)
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Fig. 13.20 Idealized cloud-process components are sketched in (a) through (e) for coupled (solid) and uncoupled (dashed) cloud and 
subcloud layers. These can be combined to make profiles for more realistic scenarios: ML; (9) entraining 
nocturnal BL over a warm surface; (h) daytime BL, no entrainment, no surface heating; and (i) decoupled daytime BL. 

("} 

Vl 

Decomposition of the Heat Flux



STRATOCUMULUS

Stull (1988)
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Fig. 13.20 Idealized cloud-process components are sketched in (a) through (e) for coupled (solid) and uncoupled (dashed) cloud and 
subcloud layers. These can be combined to make profiles for more realistic scenarios: ML; (9) entraining 
nocturnal BL over a warm surface; (h) daytime BL, no entrainment, no surface heating; and (i) decoupled daytime BL. 
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