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Dimensional	Analysis	
•  When	analyzing	any	physical	system,	it	is	good	pracHce	to	perform	

dimensional	analysis:	determine	the	relevant	parameters	and	their	
magnitudes	(scales)	

•  Dimensional	analysis	is																																																																		
formalized	by	the	Buckingham	Pi																																																
theorem	

–  A	variable	that	depends	on	m-1	parameters	and	n	dimensions	is	
determined	by	m-n	independent	dimensionless	quanHHes	



Dimensional	Analysis 		
•  Example:	What	determines	the	shear	stress	τ on	the	wall	of	a	

pipe	with	a	fluid	flowing	through	it?	

–  Pipe	diameter,	average	flow	velocity,	fluid	density,	fluid	viscosity,	
height	of	irregulariHes	on	the	pipe	surface	

•  m-1	=5	parameters,	n	=	3	dimensions	(length,	Hme,	mass)		
ü m-n	=	3	nondimensional	groups	

•  ConvenHonal	groupings	are	
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⇢Ū2
, Re =

ŪD
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Monin-Obukhov	(MO)	Similarity	

•  How	does	Buckingham	Pi	theorem	apply	to	the	porHon	
of	the	atmospheric	boundary	layer	nearest	the	(flat,	
horizontally	homogeneous)	surface?	
–  “Surface	layer”	or	“constant	flux	layer”	occupies	roughly	
lowest	10%	of	BL	(AMS	Glossary)	

•  More	complex	than	the	pipe	flow	example	because	we	
want	to	exclude	some	*possibly*	relevant	parameters	
to	obtain	a	useful	theory		
–  Therefore	some	authors	refer	to	“Monin-Obukhov	
similarity	hypothesis”	

	



Dimensional	Parameters	
•  length	scale	of	turbulence	
–  Assumed	proporHonal	to	distance	z	from	surface	

•  velocity	scale	of	turbulence	
–  Assumed	to	be	given	by	u*	

•  density	scale	ρ0	
•  “temperature”	scale	
–  Given	by	surface	heat	flux	qH	

•  buoyancy	parameter		
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Excluded	Parameters	

•  Parameters	that	are	not	included:	
– Height	of	roughness	elements:	
– Boundary	layer	depth:			
– Mean	velocity	

•  Required	to	maintain	Galilean	invariance	of	the	
equaHons	

– Coriolis	force		
	

– Molecular	diffusiviHes/viscosiHes	
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ApplicaHon	of	Buckingham	Pi	Theorem	

•  Already	determined	m-1	=	5	

•  Dimensions	are		length,	Hme,	mass,	temperature	(n=4)	

ü m	-	n	=	2		independent	dimensionless	groupings:	

1.  The	dependent	variable	nondimensionalized	by	z,	u*,	qH	

2.  the	independent	variable	ζ = z/L	
	
–  L	is	Obukhov	length:	 L = � u3
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More	on	L	
•  L	>0	à	Stable	BL	

•  L	<	0	à	Unstable	BL	

•  Sample	values	determined	from	LES	(same	cases	as	
presented	in	TKE	budget)	

– Weakly	stable	ArcHc	BL	:	100	m	

– DayHme	convecHve	BL	:	-6	m	

•  Rough	physical	interpretaHon:	L	is	the	height	above	the	
surface	at	which	buoyant	producHon	of	TKE	becomes	
important	relaHve	to	shear	producHon	of	TKE	
	



•  From	our	dimensional	analysis,	we	can	write	
–  Mean	wind	shear	(assume	axes	are	rotated	to	align	with	mean	wind)	

–  Similarly	for	mean	scalar	gradients	
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Velocity	and	scalar	gradients	

�u,�H ,�W are (as yet undetermined) stability functions



Eddy	Viscosity	and	Diffusivity	

•  (1)-(3)	can	be	rearranged	to	define	surface	layer	
eddy	viscosiHes/diffusiviHes	

•  Define	the	turbulent	Prandtl	number		
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Richardson	Number	

•  Recall	gradient	Richardson	number	

–  Ri	<	0	à	unstable	condiHons	
–  Ri	>	0	à	stable	condiHons	
–  Ri	=	0	à	neutral	condiHon	

•  Using	Eq.	(1)	&	(2)	can	recast	Ri	in	terms	of	MO	
similarity	(you	can	fill	in	steps)	
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LimiHng	cases	(I)	

•  Neutral	condi8ons	
– Recover	log-layer	scaling	

– Expand	for	small	values	of	ζ			(|ζ|	<<	1)	
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LimiHng	cases	(II)	
•  Stable	condi8ons		
–  Eddy	size	limited	by	stability	
–  Eddies	scales	with	L	rather	than	z	(z-less	scaling)	
–  This	implies	
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LimiHng	cases	(III)	
•  Unstable	limit	

–  ConvecHon	replaces	shear	as	main	source	of	turbulence	

–  u*	no	longer	scales	turbulent	velociHes,	instead	scale	with	heat	flux	

–  Buckingham	Pi	theorem:	We	dropped	one	governing	parameter,	so	
our	scaling	determines	gradients	to	within	a	constant	(instead	of	a	
funcHon	of	a	single	nondimensional	variable)	

–  Local	free	convecHve	scaling	applies	with	new	scaling	parameters	
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LimiHng	cases	(III)	
•  Unstable	limit	

–  Local	free	convecHve	scaling	applies	with	new	scaling	parameters	

–  Then	we	can	write		

–  SubsHtuHng	for	θf	

–  AlternaHvely	
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Kansas	Experiment	
•  Stability	funcHons	must	be	determined	empirically	(i.e.	curve	fits	to	

observaHons)	
–  LimiHng	cases	provide	guidance	for	forms	of	empirical	expressions	

•  Businger	et	al.,	1971,	JAS	
•  Reports	stability	funcHons	based	on	data	gathered	from	a	tower	mounted	

in	a	field	of	wheat	stubble	in	Kansas	
–  SHll	accepted	and	widely	used	
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2 Φm(ζ) / kzu*)2 

           = ζ Φh/ Φm
2.        (6.7) 

Given expressions for Φm(ζ) and Φh(ζ), we can write ζ and hence the stability functions and eddy 
diffusivities in terms of Ri. The corresponding formulas for dependence of eddy diffusivity on Ri 
are often used by modellers even outside the surface layer, with the neutral Km and Kh estimated 
as the product of an appropriate velocity scale and lengthscale. 

Field Experiments 

 The stability functions must be determined empirically.  In the 1950-60s, several field 
experiments were conducted for this purpose over regions of flat, homogeneous ground with 
low, homogeneous roughness elements, culminating in the 1968 Kansas experiment. This used a 
32 m instrumented tower in the middle of a 1 mi2 field of wheat stubble.  Businger et al. (1971, 
JAS, 28, 181-189) documented the relations below, which are still accepted: 
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The values of the constants determined by the Kansas experiment were 

 PrtN = 0.74,  β = 4.7,  γ1 = 15,  γ2 = 9. 

The quality of the fits to observations are shown on the next page.  Other experiments have 
yielded somewhat different values of the constants (Garratt, Appendix 4, Table A5), so we will 
follow Garratt (p. 52) and Dyer (1974, Bound-Layer Meteor., 7, 363-372) and assume: 

 PrtN = 1,  β = 5,  γ1 = γ2 = 16. (6.10) 

In neutral or stable stratification, this implies Φm = Φh, i. e. pressure perturbations do not affect 
the eddy transport of momentum relative to scalars such as heat, and the turbulent Prandtl 
number is 1. In unstable stratification, the eddy diffusivity for scalars is more than for 
momentum. 
 Solving these relations for Ri, 
  

 ! =
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“Constant	flux”	layer?	
•  Surface	layer	is	someHmes	called	the	“constant	flux”	layer	

–  But		gradients	near	the	surface	are	large,	so	how	can	this	term	possibly	
be	appropriate?	

•  Consider	steady,	horizontally	homogeneous	mean	momentum	equaHons.		

	
•  We	assume	axes	are	aligned	with	mean	wind	just	above	the	surface.	In	

turn,	the	shear	stress	vector	is	aligned	with	the	mean	wind	

10

The atmospheric surface layer

10.1 The “constant-flux” layer

Near a flat, homogeneous land surface the turbulent shear stress vector in the hori-
zontal plane, −ρ0uiu3, is aligned with the mean wind vector Ui .† As is traditional
in micrometeorology, we take this as the x-direction. Then integrating the steady
forms of the horizontally homogeneous mean momentum equations (9.22),

∂uw

∂z
= f (V − Vg),

∂vw

∂z
= f

!
Ug − U

"
, (10.1)

from just above the surface to the mean top of the ABL at height h, where the
turbulence vanishes, gives

− uw(0+) = τ0

ρ0
= f

# h

0
(V − Vg) dz, vw(0+) = 0 = f

# h

0
(U − Ug) dz,

(10.2)
with τ0 the magnitude of the surface shear stress. Equations (10.1) and the integral
constraints (10.2) imply that in the northern hemisphere (where f is positive) and
with (Ug, Vg) independent of z, the (U, V ) and (uw, vw) profiles in the near-neutral
case behave qualitatively as sketched in Figure 10.1 (Problem 10.1).

Equations (10.1) and Figure 10.1 indicate that Ug and Vg are independent of
height and ∂uw/∂z and ∂vw/∂z are largest just above the surface. So why is the
surface layer also called the “constant-flux layer” if momentum-flux gradients can
be largest there?

The answer lies in the behavior of turbulence near a surface, Figure 10.2. As
shown in the Appendix, the horizontal wavenumber spectrum of w (and, hence, of
turbulent shear stress) peaks at wavenumbers of order 1/z. Thus distance from the

† This need not be the case over a moving, wavy sea surface (Grachev et al., 2003).
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Figure 10.1 A sketch of profiles of kinematic shear stress (left) and mean wind
(right) in the near-neutral ABL for z-independent Ug and Vg.

Figure 10.2 A sketch of velocity spectra in the convective surface layer.

surface, z, has traditionally been used as the turbulence length scale in the surface
layer. But particularly in the unstable case the largest, ABL-filling eddies cause the
horizontal wavenumber spectra of u and v near the surface to peak at wavenumbers
of the order of the inverse of the ABL depth h. These large-scale horizontal motions
near the surface have been termed inactive (Bradshaw, 1967).

The streamwise mean momentum equation (10.1) near the surface scales as

u2
∗

h
∼ ∂uw

∂z
= −f Vg. (10.3)

This is small when nondimensionalized with surface-layer scales:

z
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∼ z

h
≪ 1. (10.4)
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“Constant	flux”	layer?	
•  Integrate	from	just	above	the	surface	to	top	of	BL	at	height	h	

•  Near	the	surface	we	can	scale	the	momentum	equaHon	with	

•  If	we	nondimensionalize	with	surface	
						layer	scales	
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Thus		gradients	in	turbulent	fluxes	are	small	in	
terms	of	surface	layer	scales,	leading	to	the	
“constant	flux”	layer	terminology	
	

SchemaHc	of	turbulence	spectra	in	
convecHve	surface	layer	



Sources	

•  class	references	
•  “Turbulence	in	the	Atmosphere”	by	John	C.	
Wyngaard	

•  Chris	Bretherton	(U.	Washington)	lecture	
notes	


