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ABSTRACT

Decoupling during the ‘‘Lagrangian’’ evolution of a cloud-topped boundary layer advected equatorward by
the trade winds in an idealized eastern subtropical ocean is studied using a mixed-layer model (MLM). The sea
surface temperature is gradually warmed while the free tropospheric sounding remains unchanged, causing the
boundary layer to deepen, the surface relative humidity to decrease, and surface latent heat fluxes to increase.
Diurnally averaged insolation is used.

For entrainment closures in which entrainment rate is related to a large-eddy convective velocity scale w*,
the MLM predicts an increasingly prominent layer of negative buoyancy fluxes below cloud base as the sea
surface temperature warms. Decoupling of the mixed layer can be inferred when the MLM-predicted negative
buoyancy fluxes become too large for the internal circulations to sustain. The authors show that decoupling is
mainly driven by an increasing ratio of the surface latent heat flux to the net radiative cooling in the cloud, and
derive a decoupling criterion based on this ratio. Other effects such as drizzle, the vertical distribution of radiative
cooling in the cloud, and sensible heat fluxes, also affect decoupling but are shown to be less important in
typical subtropical boundary layers. A comparison of MLM results with a companion numerical study with a
cloud-resolving model shows that the decoupling process is similar and the same decoupling criterion applies.
A regional analysis of decoupling using Lagrangian trajectories based on summertime northeast Pacific clima-
tology predicts decoupling throughout the subtropical stratocumulus region except in coastal zones where the
boundary layer is under 750 m deep.

A ‘‘flux-partitioning’’ entrainment closure, in which the entrainment rate is chosen to maintain a specified
ratio of some measure of negative subcloud buoyancy fluxes to positive buoyancy fluxes within the cloud and
near the surface, was also considered. By construction, such an MLM never predicts its own breakdown by
decoupling. The changed entrainment closure had only a minor influence on the boundary layer evolution and
entrainment rate. Instead, the crucial impact of the entrainment closure is on predicting when and where the
mixed-layer assumption will break down due to decoupling.

1. Introduction

Much of our knowledge of subtropical marine stra-
tocumulus cloud-topped boundary layers (CTBLs)
comes from field experiments off the California coast,
where the marine inversion is strong and typically be-
tween 400 and 800 m deep. These experiments showed
that such CTBLs are well mixed by turbulence that is
usually driven by radiative cooling at cloud top (Lilly
1968). The FIRE (First International Satellite Cloud Cli-
matology Project Regional Experiment) marine strato-
cumulus experiment (Albrecht et al. 1988) also showed
that daytime absorption of solar radiation in the clouds
often leads to afternoon cloud thinning due to diurnal
decoupling. Decoupling can occur when subcloud buoy-
ancy fluxes become negative, inhibiting convection be-
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low cloud base. A stable layer develops there, separating
a layer of surface-flux driven turbulence beneath from
radiatively driven convection in the cloud layer. Cu-
mulus clouds may form at the top of the surface mixed
layer and rise through the stable layer, initiating a new
form of dynamical organization within the boundary
layer. Bulk model and turbulence closure models re-
produce the diurnal cycle quite well (Bougeault 1985;
Turton and Nicholls 1987; Duynkerke 1993). These
models show that diurnal decoupling occurs because of
the large negative buoyancy fluxes below cloud base
necessary to maintain a mixed layer while solar ab-
sorption heats the cloud.

Convectively driven CTBLs are uniquely vulnerable
to decoupling because unlike in the dry boundary layer,
buoyancy flux (the prime source of their turbulent ki-
netic energy) is not a linear function of height. Instead
there is a large increase in buoyancy flux above cloud
base, proportional to the upward transport of liquid wa-
ter in the CTBL that is required to sustain the cloud
against entrainment drying [see Schubert et al. (1979)
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FIG. 1. Composite soundings of mixing ratio from four marine
locations, SNI (San Nicolas Island, 30 June–19 July 1987, 338N,
1208W, SST 5 289 K, cloud fraction 5 0.83); ASTEX SM (Santa
Maria Island, 1–30 June 1992, 378N, 258W, SST 5 291 K, CF 5
0.67); ASTEX VALD (R/V Valdivia, 2–15 June 1992, 288N, 248W,
SST 5 294 K, CF 5 0.40); and TIWE (R/V Moana Wave, 21 No-
vember–13 December 1991, 08N, 1408W, SST 5 300 K, CF 5 0.26),
from Albrecht et al. (1995b).

for a physical explanation of this fundamental point].
Large in-cloud liquid water fluxes concentrate convec-
tive energy generation within the cloud layer and often
create an internal minimum of buoyancy flux below
cloud base, setting the stage for decoupling.

If the Bowen ratio is small, as is typical of subtropical
CTBLs, the liquid water flux in the cloud layer is pro-
portional to the upward moisture or latent heat flux.
Thus, a larger latent heat flux promotes decoupling even
without the help of solar absorption. A similar conclu-
sion was reached by Lewellen et al. (1996) from nu-
merical simulations of shallow stratocumulus layers
subject to prescribed surface fluxes. In this paper, we
suggest that surface latent heat fluxes are the most im-
portant determinant of decoupling for subtropical
CTBLs.

Climatologies of Neiburger (1960) and Betts et al.
(1992) show that a large fraction of the area usually
covered by subtropical stratocumulus cloud lies well off
the coast where the inversion is typically 1–2 km deep.
The Atlantic Stratocumulus Transition Experiment or
ASTEX (Albrecht et al. 1995a) off the Azores Islands
in the central Atlantic Ocean studied such deeper bound-
ary layers. Their vertical structure is far from well
mixed, even at night. A moist surface layer feeds cu-
mulus clouds, which rise through a drier layer above
and detrain into a thin and often patchy stratocumulus
layer beneath the trade inversion. Figure 1 from Al-

brecht et al. (1995b) shows the climatological vertical
moisture structure of four CTBLs during three field ex-
periments. When the SST is relatively cold and lower
tropospheric stability (Klein and Hartmann 1993) is high
(SNI profile), the CTBL is shallow and relatively well
mixed. Deeper boundary layers with more pronounced
internal moisture gradients predominate where SST’s
are warmer (decreased lower tropospheric stability). The
ASTEX SM (Santa Maria) profile shows that the cloud
fraction of climatologically decoupled CTBLs can be
67% or more but that, over warmer SSTs, cloud fraction
decreases.

Two-dimensional eddy-resolving model (ERM) sim-
ulations of the ‘‘Lagrangian’’ evolution of a column of
CTBL air as it is advected equatorward over warmer
water (Krueger et al. 1995; Wyant et al. 1996) show a
similar change in vertical structure as the SST warms
and the boundary layer deepens. In these simulations,
the sounding above the boundary layer does not change
and diurnally averaged insolation is used. If a diurnal
cycle is included, it modulates but does not qualitatively
change the CTBL evolution. When the SST is cold, the
CTBL is shallow and well mixed. As the SST warms
and the CTBL deepens, the lifted condensation levels
in the updrafts and downdrafts gradually begin to sep-
arate, signifying that the boundary layer is becoming
less well mixed and that the cloud layer is becoming
drier than the subcloud layer. We call this ‘‘deepening-
warming’’ decoupling. As the separation of updraft and
downdraft lifted condensation level (LCL) increases, the
updrafts take on the character of small cumulus clouds
detraining into an upper stratocumulus layer—a ‘‘cu-
mulus-coupled’’ CTBL.

Wyant et al. (1997, hereafter W97), show that deep-
ening-warming decoupling, like diurnal decoupling, is
preceded by increasingly negative buoyancy fluxes be-
low cloudbase. These simulations show that decoupling
is a crucial first step in the transition from shallow stra-
tocumulus to trade cumulus in the subtropics, but (as
also seen in Fig. 1) it does not immediately lead to a
drop in stratocumulus cloud amount. Large areas of the
eastern subtropical oceans appear to be covered by cu-
mulus-coupled CTBLs (Klein et al. 1995). In the days
after decoupling, the cumulus layer gradually deepens
and the cumuli become more energetic. Penetrative en-
trainment of dry and warm free tropospheric air by the
cumuli evaporates most of the liquid water in their up-
drafts before it can be detrained as stratocumulus cloud,
so cloud amount gradually decreases (Bretherton 1992;
W97).

This paper aims to give a satisfying dynamical ex-
planation of what causes deepening-warming decou-
pling and to identify parameters that control when a
CTBL will decouple without the help of the diurnal
cycle. We draw from the Turton and Nicholls (1987)
study of diurnal decoupling, hereafter TN87. We use
the buoyancy flux profile produced by a mixed-layer
model (MLM) of the CTBL to diagnose when decou-
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pling can be expected. Section 2 describes the MLM,
discusses a control run illustrating deepening-warming
decoupling, and addresses the sensitivity of the results
to the entrainment closure. In section 3, a discussion of
the energy balance of the cloud layer is used to explain
why many features of the boundary-layer evolution are
insensitive to the entrainment closure, yet the existence
and timing of decoupling is sensitive to the entrainment
closure. In section 4, we derive a ‘‘flux ratio’’ criterion
for decoupling involving the radiative flux divergence
integrated across the cloud layer, the surface latent heat
flux, the cloud thickness, and the vertical profile of driz-
zle. In section 5, we compare our MLM results and flux-
ratio decoupling criterion with W97’s eddy-resolving
model of CTBL evolution, which was run using the
same environmental conditions. In section 6, we drive
the MLM with summertime northeastern Pacific Ocean
climatology to predict where the decoupling transition
typically occurs. Section 7 presents the conclusions.

2. Mixed-layer model diagnosis of decoupling
induced by increasing SST

a. Mixed-layer model description

The MLM is formulated in terms of two thermody-
namic quantities, both of which are assumed to be con-
served in adiabatic motions of a moist air parcel. The
total water mixing ratio qt 5 qv 1 ql is the sum of the
water vapor and (where the air is saturated) the cloud
liquid water mixing ratio. The moist static energy h 5
CpT 1 gz 1 Lqv, where T and z are temperature and
height and Cp and L are the isobaric heat capacity of
dry air and latent heat of vaporization for water vapor.

The MLM includes parameterizations of surface flux-
es, drizzle, long- and shortwave radiation, and subsi-
dence. The environmental parameters that must be spec-
ified at all times include sea surface temperature (SST),
10-m wind speed V, a height-independent horizontal
divergence D, profiles of moist static energy h1(z), water
vapor mixing ratio qt

1(z) above the CTBL, and a water
vapor path above the domain top (for specifying down-
welling longwave radiation). The MLM is generally
similar to TN87’s, but to be compatible with the two-
stream radiation scheme used in W97 the radiative and
drizzle fluxes are computed on a fixed set of gridpoints,
while TN87 used grid levels that moved with the pre-
dicted inversion and cloud base. Careful discretization
of the vertical integral of buoyancy flux ensures that
cloud base and top evolve smoothly between grid points.

The MLM prognostic equations for the inversion
height zi, the mixed-layer total water mixing ratio qtM,
and the mixed-layer moist static energy hM are

dz /dt 5 w 2 Dz , (1)i e i

dh /dt 5 2]E/]z,M

E(z) 5 {^w9h9& 1 F /r }, (2)R ref

dq /dt 5 2]W/]z,tM

W(z) 5 {^w9q 9& 1 F (z)}. (3)t P

The entrainment rate is we. Angle brackets denote a
horizontal average. For the layer to remain well mixed,
the energy and water fluxes E(z) and W(z) must be linear
functions of height between z 5 0 and the inversion
height zi:

E(z) 5 (1 2 z/z )E(0) 1 (z/z )E(z ), (4)i i i

W(z) 5 (1 2 z/z )W(0) 1 (z/z )W(z ). (5)i i i

Here, rref is a reference air density computed at a ref-
erence pressure of 967 mb and a time-varying reference
temperature of SST 2 4.5 K. The net upward radiative
flux FR and the liquid water precipitation (‘‘drizzle’’)
flux Fp(z) (,0) are diagnosed from hM and qtM and are
computed at evenly spaced grid points zk 5 kDz fol-
lowing W97 and TN87, respectively. A specified cloud
droplet concentration is used to compute the vertical
profiles of effective radius from the cloud water profile
for the radiation scheme. The precipitation flux also
depends upon the cloud-top droplet mean radius as well
as the cloud liquid water path.

At z 5 0, bulk aerodynamic formulas with transfer
coefficient CT 5 0.001V(1 1 0.07V) (Wakefield and
Schubert 1981) are used:

E(0) 5 C V{h 2 h } 1 F (0)/r ,T s M R ref

W(0) 5 C V{q 2 q } 1 F (0),T ts tM P
(6)

where subscript s refers to saturated air at the nominal
surface pressure (1022 mb) and SST. At the inversion,
^w9h9&(zi) 5 2weDhi and ^w9qt9&(zi) 5 2weDqti, where
Dhi 5 h1(zi) 2 hM and Dqti 5 qt

1(zi) 2 qtM. Hence,

1E(z ) 5 2w Dh 1F /r ,i e i R ref

W(z ) 5 2w Dq .i e ti
(7)

In the model, the radiative flux FR
1 is the net radiative

flux linearly interpolated to a height zi 1 50 m corre-
sponding to a nominal top of the entrainment interface.
Evaluating FR

1 at 50 m above cloud top helps it change
smoothly as zi moves through a grid level. Using (6)
and (7), we can express the fluxes ^w9h9&(z) and
^w9qt9&(z) in terms of the single unknown we.

An entrainment closure must be used to specify we

in terms of the knowns. The entrainment closure is usu-
ally based on a simplification of the boundary-layer-
averaged turbulent kinetic energy (TKE) equation. For
well-mixed subtropical convective CTBLs, in which
there is little vertical shear of the mean wind except
close to the sea surface and possibly the inversion, shear



1 JANUARY 1997 151B R E T H E R T O N A N D W Y A N T

TABLE 1. Control run parameters.

Parameter Value

Length of simulation 5 days
Domain height 3 km
Vertical grid spacing 25 m
SST 285 K 1 (1.5 K day21)
Free tropospheric s1/Cp 298 K 1 (3.36 K km21)
Free tropospheric qt

1 3.5 g kg21

Divergence D 3 3 1026 s21

10-m wind V 7.1 m s21

Latitude 30 N
Water vapor path above 3 km 4 kg m22

Droplet concentration 50 cm23

Initial mixed layer slM/Cp 284.8 K
Initial mixed layer qtM 7.69 g kg21

Initial mixed-layer depth zi 413 m

generation of TKE is usually neglected. The source of
TKE is upward buoyancy flux,

^w9b9&(z) 5 (g/sv0)^w9sv9&(z),

where the virtual static energy sv 5 CpTv1 gz, Tv 5 T
1 Tref(dqv 2 ql) is virtual temperature (including liquid
loading), d 5 0.608, and sv0 is a reference virtual static
energy. To calculate this flux, we must express sv in
terms of qt and h. In unsaturated air (ql 5 0), sv is
identical to the liquid static energy svl, which is an ad-
iabatically conserved linear combination of h and qt:

svl 5 h 2 mLqt,

where m 5 (1 2 de) ø 0.93. In saturated air,

sv 5 svl 1 [1 2 (1 1 d)e]Lql,

where e 5 CpTref/L ø 0.1. Therefore, above cloud-base
zb, we must also express liquid water flux ^w9ql9&(z) as
a linear combination of ^w9h9&(z) and ^w9qt9&(z) follow-
ing Lilly (1968) and Schubert et al. (1979):

^w9h9& 2 mL(w9q 9&, 0 , z , zt b^w9s 9&(z) 5 .v 5b^w9h9& 2 eL^w9q 9&, z , z , zt b i

(8)

The thermodynamic coefficient b ø 0.5 (Schubert et al.
1979; Randall 1980) is a weak function of the reference
pressure and temperature.

The jump in buoyancy flux at cloud base due to the
upward liquid water flux in the saturated air is a key
characteristic of well-mixed CTBLs. Using the same
arguments used to derive (6), we can express this jump
in terms of the cloud-base fluxes of moisture and svl:

1 2^w9s 9&(z ) 2 ^w9s 9&(z )v b v b

15 [1 2 (1 1 d)e]L^w9q 9&(z )l b

5 sL^w9q 9&(z ) 1 (b 2 1)^w9s 9&(z ),t b vl b

(9)

where the thermodynamic coefficient s 5 bm 2 e ø
0.35. For realistic subtropical CTBLs the first term ex-
pressed in energy flux units is 20–50 W m22, while the
second term tends to be much smaller, between 65 W
m22. Thus the cloud-base buoyancy flux jump is tightly
coupled to the upward moisture flux at cloud base.

We used the entrainment closure of TN87,

we/w* 5 A/Ri, (10)

where A can be regarded as a nondimensional ‘‘entrain-
ment efficiency.’’ The convective velocity scale w* is
found from the vertical buoyancy flux integral

zi

3w* 5 2.5 dz ^w9b9&(z). (11)E
0

The bulk Richardson number Ri 5 gziDsvi/(sv0w*2),
where Dsvi is the inversion jump of sv. This entrainment

closure can be written in an alternate form that will
prove useful to us later,

weDsvi 5 2.5A^w9sv9&, (12)

where the overbar denotes a vertical average over the
CTBL. In this alternate form, the TN87 closure is seen
to be identical to a closure proposed by Deardorff
(1976). Deardorff assumed that A 5 0.2, consistent with
a dry mixed layer heated from below. TN87, on the
other hand, used Nicholls and Turton’s (1986) linear fit
to aircraft measurements in stratocumulus and a labo-
ratory experiment of McEwan and Paltridge (1976) to
specify A:

A 5 a [1 1 a (1 2 Ds /Ds )],1 2 vm vi

a 5 0.2,1

a 5 60.2 (13)

Here, Dsvm is twice the average of sv 2 sv,cld over all
possible mixtures of air from the top of the cloud and
entrained air. The factor 1 2 Dsvm/Dsvi is a measure of
the average evaporative cooling over all mixtures [see
Nicholls and Turton (1986)]. Again, A 5 0.2 for a dry
mixed layer, but typically A ø 1–3 (tenfold more effi-
cient entrainment) for inversion jumps and liquid water
mixing ratio characteristic of subtropical stratocumulus.

At each time step, we is calculated using (12) as de-
scribed in appendix A. Then the energy and water flux
divergences can be found, and Eqs. (1)–(3) are marched
forward in time using a third-order Adams–Bashforth
method with a time step of 1200 s.

b. Control run setup and results

The MLM is forced with the same idealized Lagran-
gian environmental conditions (Table 1) as used by
W97. The SST increases at a climatologically reason-
able value of 1.5 K day21 following the air column,
while upper-air conditions remain fixed. Diurnally av-
eraged insolation corresponding to 23 June at a latitude
of 308N is used. The initial state of the mixed layer is
the steady-state profile for the initial environmental con-
ditions.



152 VOLUME 54J O U R N A L O F T H E A T M O S P H E R I C S C I E N C E S

FIG. 2. Cloud base, top, and BIR (lines) during the control run.
Overlaid symbols indicate steady-state runs with SSTs corresponding
to 1, 3, 5 days into the control run. Lines are thickened at times when
BIR , 0.15, corresponding to a coupled mixed layer.

Figure 2 shows the rising cloud base and top during
the 6-day-long control run, and a predictor of decou-
pling for a buoyancy driven CTBL, which indicates
when the mixed-layer assumption becomes inconsistent.
The predictor is based on the magnitude and extent of
subcloud buoyancy fluxes. Specifically, decoupling is
diagnosed following Turton and Nicholls (1987) using
a threshold value of the buoyancy integral ratio (BIR),
also shown in Fig. 2:

BIR 5 - ^w9b9& dz ^w9b9& dzE E@
z , z at which All other zb

^w9b9& , 0

. 0.15 for decoupling. (14)

Since the purpose of the BIR is to diagnose decoupling
below the turbulent convection within the cloud, only
regions of negative buoyancy flux below the cloud are
included in the numerator of the BIR. In two- or three-
dimensional eddy-resolving numerical models, where
cloud base varies between grid columns, we replace the
constraint z , zb with z , zbmax, where zbmax is the highest
cloud base—that is, the lowest level at which all grid
columns are saturated. If no such level exists, we choose
zbmax to be the level at which the maximum fraction of
grid columns are saturated.

Our predictor is not based on an exact quantitative
theory of boundary layer turbulence. It represents an
empirical limit on the extent to which transport of ki-
netic energy by boundary layer eddies allows them to
penetrate regions in which they are trying to force buoy-
ant air downward and denser air upward. We chose a
threshold value of BIR (0.15) that is smaller than that
chosen by Turton and Nicholls (0.4). It was chosen since
published buoyancy flux measurements from aircraft
(Nicholls 1984; Nicholls and Leighton 1986; Moyer and

Young 1993), tethered balloon (Hignett 1991), and large
eddy simulations (Moeng 1986; Krueger et al. 1995) do
not document any well-mixed CTBLs in which the BIR
clearly exceeds 0.15. For W97’s simulations, decoupling
occurs when BIR increases to 0.1–0.2 (see section 4).

From Fig. 2, we deduce that decoupling will occur
at 4.3 days. The MLM is no longer physically relevant
after decoupling has occurred. However, if we extend
the MLM simulation out to 6 days anyway, we see that
the BIR continues to rise rapidly. Hence the decoupling
time is not too sensitive to the threshold; a threshold of
0.4 rather than 0.15 would delay the implied onset of
decoupling only by a day.

Lastly, Fig. 2 shows the steady-state cloud base, top,
and BIR for fixed environmental conditions correspond-
ing to the SSTs at days 1, 3, and 5. This can be regarded
as a limit of extremely slow rate of SST increase. The
steady-state solutions have the same trends with SST as
in the control run but tend to have thicker cloud, a
somewhat higher inversion (except at SST 5 292.5),
and a substantially larger BIR. We conclude that deep-
ening-warming decoupling occurs regardless of the rate
of SST increase but occurs at a lower SST if the SST
increases less rapidly following the boundary layer air
column.

Figure 3 shows the warming and moistening of the
control run temperature and moisture soundings. The
inversion weakens as it deepens, while the air–sea tem-
perature difference remains under 1 K throughout the
simulation. The CTBL moistens only slightly as it deep-
ens, and the air–sea mixing ratio difference increases
rapidly.

Figure 4 shows profiles of the virtual static energy
flux Fsv(z) 5 rref^w9sv9& (buoyancy flux scaled into en-
ergy flux units), the virtual liquid water static energy
flux Fsvl(z) 5 rref^w9svl9& (scaled buoyancy flux in un-
saturated air), and the latent heat flux FL(z) 5
rrefL^w9qt9&, multiplied by the thermodynamic coeffi-
cient s to reflect its contribution in (9) to the jump in
buoyancy flux at cloud base. The CTBL vertical average
buoyancy flux is shown by the tick at the bottom of
each plot. The buoyancy flux jump at cloud base in-
creases with time. At all three times, it is comparable
to the scaled moisture flux at cloud base, which more
than doubles between days 1 and 5. The vertically av-
eraged buoyancy flux varies much less. There is a com-
pensation between positive buoyancy fluxes in the cloud
layer, which increase with time, and subcloud buoyancy
fluxes, which decrease with time. At three days, the
subcloud buoyancy fluxes are near zero. After five days,
they are markedly negative through most of the sub-
cloud layer. The corresponding BIR of 0.3 exceeds our
decoupling threshold; the mixed-layer model no longer
applies. A very similar evolution of the buoyancy flux
profile is seen in steady-state solutions, except that sub-
cloud buoyancy fluxes are more negative at a given SST
than in the control run, consistent with the larger BIRs
in steady-state runs than in the control run.
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FIG. 3. Soundings of s/Cp and qv at days 0–6 into the control run. Black rectangles at bottom indicate the SST (left)
and the sea surface saturation mixing ratio (right) at these times.

FIG. 4. Profiles of scaled buoyancy flux Fsv, scaled unsaturated buoyancy flux Fsvl, and scaled latent heat flux sFL at 1, 3, 5 days
into the control run. Tick at bottom indicates CTBL vertical average of scaled buoyancy flux, Fsv.

Figure 5 shows time series of the surface fluxes and
the diabatic forcings for the control run. The most ob-
vious trend is a fourfold increase of the surface latent
heat flux FL(0) from 35 to 140 W m22. Surface sensible
heat flux remains less than 10 W m22. The net radiative
flux divergence across the CTBL of combined longwave
and shortwave radiation is DFR 5 FR

1 2 FR(0). It varies

only slightly throughout the run, between 33 W m22 and
42 W m22. The radiative flux divergence across the
cloud layer, DFR

cld 5 FR
1 2 FR(zb), dominates DFR

throughout the control run; the difference DFR 2 DFR
cld

indicates slight radiative warming of the subcloud layer.
The cloud-base precipitation rate is 0.5–0.9 mm

day21, which produces substantial latent heating in the
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FIG. 5. Time series for the control run of surface latent heat flux
FL(0) and sensible heat flux FS(0), radiative flux divergence integrated
across the cloud (DFcld

R) and across the CTBL (DFR), and precipitation
fluxes at the cloud base (FP(zb)) and surface (FP(0)), both scaled into
units of heat flux. Lines are thickened while MLM remains coupled
(BIR , 0.15).

FIG. 6. Boundary layer evolution for A 5 2 closure. Cloud base,
top, and BIR as in Fig. 2. Vertical profiles of scaled buoyancy fluxes
Fsv(z) are shown at 1, 3, 5 days, referenced to the dotted vertical lines
with scale at top center. Their CTBL vertical averages Fsv at the three
times are indicated by the heavy ticks at the bottom. Vertical arrows
show surface latent heat flux (scale at right).

cloud layer, 2rrefLFP(zb) 5 20–30 W m22. Only 0.2 to
0.3 mm day21 of the precipitation reaches the surface.
Thus, the net latent heating of the CTBL, 2rrefLFP(0),
is only 6–12 W m22.

While the CTBL remains coupled, the overall diabatic
cooling due to both radiation and precipitation is 20–
30 W m22 in the cloud layer, 0–10 W m22 in the sub-
cloud layer, and 25–35 W m22 overall. Evaporation sub-
stantially reduces the difference between the diabatic
cooling in the cloud layer and that below, inhibiting
convection and promoting earlier decoupling. However,
since the diabatic cooling does not change greatly during
the coupled phase, diabatic effects alone do not explain
the timing of the decoupling.

c. Impact of entrainment closure

In this subsection, we describe the sensitivity of the
control run to two changes in the entrainment closures.
First we use a different specification of the entrainment
parameter A in the TN87 entrainment closure. Then we
try a totally different entrainment closure, which does
not permit decoupling.

1) A 5 2 CLOSURE

As our first sensitivity study, we used a constant A
5 2 in the entrainment closure (10). By comparison,
the evaporative enhancement of entrainment in the con-
trol entrainment closure (13) caused A to increase from
0.8 to 2.3 during the control run. The constant-A en-
trainment closure is also consistent with Nicholls and
Turton’s (1986) aircraft data, but does not match their
single data point from a lab experiment (McEwan and
Paltridge 1976) in which radiative but not evaporative

cooling was active. Since the experiment used a differ-
ent working fluid and much lower Reynolds number,
one might argue that the laboratory data point is not
commensurate with the aircraft measurements.

Figure 6 shows the CTBL evolution with the A 5 2
closure. The cloud base and cloud top evolve remark-
ably similarly to the control run. The BIR is larger than
in the control run for the shallow CTBL, and the BIR
5 0.2 decoupling threshold is reached a day earlier, but
the BIR again increases as the CTBL deepens. The same
decoupling mechanism is evident as in the control run.
The surface latent heat flux is similar to the control run,
rapidly increasing as SST rises. The buoyancy flux jump
across cloud base increases proportional to the latent
heat flux, while the CTBL-averaged buoyancy flux re-
mains nearly constant. Correspondingly, the cloud-layer
buoyancy fluxes increase but the subcloud fluxes de-
crease, inducing decoupling.

2) SCHUBERT K 5 0.5 CLOSURE

The control and A 5 2 entrainment closures can both
be classified as w* closures, in which vertically inte-
grated buoyancy fluxes are an energy source for large
mixed-layer-filling eddies with the convective velocity
scale w*. These eddies are assumed to entrain at a rate
independent of the vertical distribution of buoyancy
fluxes. The original (and still widely used) entrainment
closures used in studies of cloud-topped mixed layers
have been ‘‘flux partitioning’’ closures. Such closures
(e.g., Lilly 1968; Kraus and Schaller 1978; Schubert et
al. 1979) assume that the entrainment rate adjusts so
that some measure of the negative buoyancy fluxes with-
in the subcloud layer is a fixed fraction of the kinetic
energy generation by positive buoyancy fluxes else-
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Fig. 7. As in Fig. 6 but with the Schubert flux-partitioning entrain-
ment closure. FIG. 8. Terms in the cloud-layer energy balance of the control run.

Lines are thickened while MLM remains coupled (BIR , 0.15). Zero
indicated by dotted reference axis.

where in the CTBL. By construction, these closures
maintain a constant or nearly constant BIR and do not
allow boundary layer decoupling by the mechanism we
and TN87 rely upon.

The impact of using such a closure in the control run
is seen in our second sensitivity study, in which we use
the Schubert et al. (1979) closure

zi

2^w9b9&(z ) 5 2k dz ^w9b9&(z), k 5 0.5. (15)b E
0

In Fig. 7 we see that cloud base, top, and latent heat
flux evolve rather similarly to the A 5 2 closure and
the control run, and the buoyancy flux shows a similarly
increasing jump at cloud base. However, the subcloud
buoyancy fluxes remain only slightly negative and the
BIR remains slightly under 0.1 throughout. In contrast
to the TN87 closures, we see in Fig. 7 that the vertically
averaged buoyancy flux increases steadily during the
run. This subtle change allows the buoyancy jump at
cloud base to increase while the subcloud buoyancy flux
remains near zero and the CTBL remains coupled.

We draw two major conclusions from this comparison
of entrainment closures. First, the impact of the closure
on the bulk CTBL evolution is surprisingly small, as
long as the CTBL remains well mixed. This is a reason
that nearly 30 years of study have not adequately re-
solved which entrainment closure is correct. Instead, the
key role of the entrainment closure is to diagnose when
the mixed-layer assumption will fail and decoupling oc-
curs.

Both types of closure are consistent with observations
of dry boundary layers heated from below. However,
observations of shallow nocturnal stratocumulus (e.g.,
Moyer and Young 1993, case 3) and Moeng’s (1986)
large-eddy simulation show that buoyancy fluxes can
be positive throughout the subcloud layer. This is not
consistent with the flux-partitioning closures cited
above. Flux-partitioning closures also cannot explain the

observations and numerical simulations mentioned in
the introduction, which indicate that decoupling gen-
erally does occur as the CTBL warms and deepens.

3. Cloud-layer energy balance

The insensitivity of mixed-layer evolution to the en-
trainment closure occurs because ‘‘energy balance’’ of
svl in the cloud layer largely determines the entrainment
rate into subtropical CTBLs. The energy budget of the
cloud layer can be obtained from integration of (2) and
(3) over the cloud layer:

1 cldr w (s (z ) 2 s ) 2 DF 1 dz r ds /dtref e vl i vlM R1P c ref vlM

(Entrainment) (Diabatic) (Storage)

5 R 5 2r ^w9s 9&(z ) ø 0.ref vl b

(Residual)
(16)

Here, dzc is the cloud-layer thickness, and the in-cloud
diabatic flux divergence 5 DFR

cld 1 mLFp(zb).cldDFR1P

The residual flux R is the downward svl flux through the
cloud base, which is proportional to the downward
buoyancy flux just below cloud base. Figure 8 shows
the budget terms for the control run. During the coupled
phase, the budget is dominated by entrainment warming
and diabatic cooling. Throughout the coupled phase, the
residual flux is much smaller than the entrainment and
diabatic terms. The storage term is also small. The other
entrainment closures discussed above have similar bud-
gets.

Thus, a good approximation to the entrainment rate
for almost any entrainment closure can be obtained by
neglecting the subcloud buoyancy flux in (16) and solv-
ing for the energy balance entrainment rate we

E. This
was called the ‘‘minimum entrainment’’ closure by Lilly
(1968) and is also equivalent to the Schubert entrain-
ment closure with k 5 0:
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FIG. 9. As in Fig. 6 but for the energy balance entrainment clo-
sure.

FIG. 10. Entrainment rate (top) and residual flux (bottom) for the
four entrainment closures: Control (TN87 with variable A), TN87
with fixed A 5 2, Schubert flux-partitioning closure with k 5 0.5,
and energy balance closure (k 5 0 curve). Lines are thickened while
MLM remains coupled (BIR , 0.15).

we
E 5 2(DF rref 1 dzcdsvlM/dt)/(sl

1(zi) 2 svlM).cld
R1P (17)

While the storage term is also small, there is no real
advantage to neglecting it.

We tried the energy balance entrainment closure in
place of the TN87 closure in the control run. As ex-
pected, the evolution of cloud base, top, and latent heat
flux plotted in Fig. 9 are very similar to the earlier
closures. The buoyancy flux profiles are quite similar
to the Schubert closure shown in Fig. 7. Since subcloud
buoyancy flux is zero by construction, there is no region
of negative buoyancy flux and BIR 5 0.

The top graph of Fig. 10 compares the entrainment
rates for the other entrainment closures to the energy
balance prediction. The bottom graph shows the resid-
ual, or downward buoyancy flux, for the entrainment
closures. More entrainment of buoyant above-inversion
air produces more negative subcloud buoyancy fluxes,
since the high svl air must be mixed down through the
entire CTBL. Hence, to produce a downward subcloud
buoyancy flux requires slightly more entrainment than
predicted by the energy balance closure. Similarly, an
upward buoyancy flux below cloud base (negative re-
sidual flux) indicates slightly less entrainment than pre-
dicted by the energy balance closure. Figure 10 shows
that the control run (long-dashed line) starts with up-
ward subcloud buoyancy fluxes (negative residual flux),
and a lower entrainment rate than the energy balance
closure (solid line), and switches after three days to
downward subcloud buoyancy fluxes and a lower en-
trainment rate than the energy balance closure. The dis-
crepancy in we becomes increasingly large as the control
run becomes decoupled and the residual flux becomes
sizeable. The k 5 0.5 Schubert and the A 5 2 closures
both maintain a region of downward buoyancy fluxes
throughout the simulation, and have entrainment rates
slightly larger than the energy balance prediction.

Nevertheless, the main point to be drawn from Fig.
10 is that while the CTBL remains coupled, the residual

flux remains small and the energy balance entrainment
estimate is accurate to within 25% or better for all of
the entrainment closures tested, regardless of type. This
result may appear paradoxical—how can quite different
entrainment closures give such similar results? Our an-
swer is as follows: both w* and flux-partitioning clo-
sures typically determine entrainment rate using the
buoyancy flux profile. A small increase in entrainment
rate produces a sizeable decrease in the buoyancy fluxes,
especially below cloud base. Hence, small deviations of
the entrainment rate from we

E can create a sufficient
range of buoyancy flux profiles to satisfy most entrain-
ment closures.

4. A minimal model of the decoupling transition

To understand more clearly how decoupling is con-
nected to the environmental parameters and the entrain-
ment closure, we focus on a ‘‘minimal’’ MLM of a
radiatively driven CTBL simple enough to be analyzed
further. We assume the following:

1) a steady state (SST independent of time).
2) no drizzle.
3) a fixed radiative flux divergence DFR concentrated

at the cloud top. Because this is the only diabatic
forcing in the CTBL, its effect on the overall heat
budget could be compared to the sum of the CTBL
radiative flux divergence and latent heating in the
control run, which was 25–35 W m22. However, con-
vection is what induces entrainment and promotes
decoupling. Concentrated cloud-top cooling is much
more efficient than the actual diabatic heating profile
in forcing vigorous convection. To estimate a DFR

that produces a similar intensity of convection as in
the control run, we subtracted the mean subcloud
diabatic cooling rate from the cloud-layer cooling
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FIG. 11. As in Fig. 6 but for the steady-state minimal model with
constant cloud-top cooling DFR 5 15 W m22. SSTs correspond to the
times in Fig. 6.

rate over the coupled period of the control run. We
then integrated over the boundary layer depth to ob-
tain DFR ø 15 W m22.

4) here, Dsvli used in place of Dsvi in the TN87 entrain-
ment closure. The difference Dsvli 2 Dsvi 5 (1 2 (1
1 d)e)Lqli, where qli is the cloud-top liquid water
mixing ratio, is typically no larger than 1 kJ kg21,
compared to a typical Dsvi of 10 kJ kg21.

Except for the entrainment closure, this model is the
same as was analyzed by Lilly (1968). Figure 11 shows
the cloud base, cloud depth, and BIR derived from the
minimal MLM with DFR 5 15 W m22 and the envi-
ronmental conditions of the control run. To span the
range of SSTs in the control run while maintaining a
good approximation to steady-state conditions, we in-
crease SST very slowly at 0.075 K day21 over a 100
day run.

Figure 11 also shows the buoyancy flux profiles and
the surface latent heat flux at selected times. As in the
control run, latent heat flux increases rapidly with SST.
The cloud-base jump in buoyancy flux increases pro-
portional to latent heat flux, while the CTBL-average
buoyancy flux decreases, but much more slowly. In-
cloud buoyancy flux goes up, while subcloud buoyancy
flux decreases with increasing SST. Overall, the minimal
MLM shows qualitatively the same behavior as the con-
trol and A 5 2 runs, despite the simplified diabatic heat-
ing profile.

a. Flux-ratio minimal decoupling condition

For the minimal MLM, it is straightforward to de-
termine when negative subcloud buoyancy fluxes are
required to sustain a mixed layer. The resulting criterion,
which we now derive, is remarkably simple and en-
lightening. It can be regarded as a reinterpretation of
Lilly’s minimum entrainment closure (the energy bal-

ance entrainment closure of zero buoyancy flux at cloud
base) as a ‘‘minimum decoupling condition.’’ Decou-
pling requires sufficient negative buoyancy fluxes to
produce BIR . 0.15, which requires a somewhat stricter
and much less elegant criterion with a similar physical
interpretation.

For a steady-state cloud-topped mixed layer in the
absence of internal sources [i.e., with no radiative flux
divergence except at the cloud top and no drizzle flux,
as implied by assumptions (i)–(iii)], the fluxes of h and
r are constant with height. If in addition the subcloud
buoyancy flux is zero, (8) reduces to

0, 0 , z , zb^w9s 9&(z) 5 . (18)v 5sL^w9q 9&(0), z , z , zt b i

The entrainment rate can then be found from (10),

we 5 Aw*3/(zigDsvli/sv0). (19)

Rearranging (19), and determining w* from the buoy-
ancy flux profile (18), we deduce that

weDsvli 5 Ah(dzc/zi)L^w9qt9&(0), (20)

where h 5 2.5s ø 0.9 is a weak function of pressure
and temperature.

On the other hand, the energy balance (16) for svl in
the steady-state cloud layer of the minimal model is

weDsvli 2 DFR/rref 5 R 5 2 ^w9sv9&(zb
2).

The energy balance entrainment rate we
E is obtained by

neglecting R. Therefore,

we . we
E 5 DFR/(rrefDsvli) for ^w9sv9&(zb

2) , 0. (21)

Substituting (20) into (21), we can deduce the criterion
for negative subcloud buoyancy fluxes in the minimal
model:

DFR/FL(0) , Q [ Ah(dzc/zi) for ^w9sv9&(zb
2) , 0. (22)

This ‘‘minimal decoupling’’ criterion can be regarded
as the broadest possible criterion for decoupling—that
any negative buoyancy fluxes below cloud base indicate
decoupling.

According to (22), three critical parameters govern
deepening-warming decoupling in the minimal model.
Decoupling occurs when the ‘‘flux-ratio’’ DFR/FL(0) of
the CTBL radiative flux divergence to the surface latent
heat flux becomes sufficiently small. The threshold ratio
Q is proportional to the fraction of the CTBL depth
filled with cloud, dzc/zi, and the entrainment efficiency
A. Using typical values for a subtropical CTBL, if the
cloud fills 25% of the depth of the CTBL and A 5 2,
negative subcloud buoyancy fluxes occur if the thresh-
old ratio DFR/FL(0) , 0.45, or FL(0) . 90 W m22 for
a DFR of 40 W m22. Decoupling occurs more readily if
a large fraction of the CTBL is filled by cloud, or if the
entrainment efficiency A is large.
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FIG. 12. Time series of DFR/FL(0), its ideal threshold value Q 5
Ah(dzc/zi) and BIR for the control run. Lines are thickened while
MLM remains coupled (BIR , 0.15).

b. Flux ratio condition for full MLM physics

How well does (22) hold when we relax the ‘‘mini-
mal’’ assumptions of a steady-state, no drizzle, and ra-
diative flux divergence concentrated at cloud top? We
can test this in the control run. In Fig. 12, we see that
negative buoyancy fluxes (nonzero BIR) first occur at
approximately 3 days, while the flux ratio DFR/FL(0)
drops to its threshold value Q at 4.5 days, when BIR
ø 0.2. The subcloud buoyancy fluxes are more negative
than predicted by the ‘‘minimal’’ model due mainly to
drizzle, as discussed below. During the control run DFR

remains nearly constant while latent heat flux increases
fivefold, from 29 to 148 W m22, so the flux ratio de-
creases fivefold over the run. The threshold Q varies
much less. We conclude it is primarily the increase in
latent heat fluxes that is driving the deepening-warming
decoupling. For the TN87 entrainment closure, a rule
of thumb is that a typical subtropical CTBL will de-
couple when surface latent heat fluxes rise to 100 W
m22 or more.

In appendix B, the minimal decoupling criterion is
generalized to include all effects not in the minimal
MLM, resulting in a criterion identical to (22) except
that the cloud-top radiative flux divergence DFR is re-
placed by a more comprehensive diabatic forcing DFdiab:

2DF /F (0) , Q for ^w9b9&(z ) , 0,diab L b

DF 5 DF 2 S, (23)diab R

S 5 k ds /dt 1 k dq /dtv vlM q tM

1 S 1 S 1 S . (24)R P C

Here, kv and kq are functions of zb/zi and SR, SP, and SC

are terms due, respectively, to the vertical distribution
of radiational heating within the CTBL, to precipitation
and evaporation, and to the liquid water in the cloud.
These terms are given in appendix B, (B6)–(B10). They

involve weighted vertical integrals over the entire CTBL
and do not have simple physical interpretations in terms
of cloud layer or CTBL-integrated diabatic flux diver-
gences. Positive terms in the correction term S reduce
DFdiab and promote decoupling.

The terms that S comprises vary little with time in
the control run. Three days into the control run, the
subcloud buoyancy flux crosses zero. At this time, S 5
23 W m22, which is a sizeable fraction of the DFR 5
42 W m22 and reduces the diabatic forcing DFdiab to 19
W m22. The dominant term is precipitation-induced de-
coupling, SP 5 26 W m22. Precipitation and subcloud
evaporation is reducing DFdiab and promoting decou-
pling as effectively as a nearly threefold increase in
latent heat fluxes! While they are not necessary to in-
duce decoupling, cloud microphysical effects strongly
affect how easily it occurs through their effect on pre-
cipitation rates. The precipitation rates in the control
run are quite reasonable. Many subtropical CTBLs are
observed to contain no measurable drizzle, but sustained
surface precipitation rates in shallow subtropical CTBLs
of up to 1 mm day21 for 24 h, substantially stronger
than in the control run, have been observed in pristine
marine air masses (Bretherton et al. 1995).

The other terms in S are much smaller. The radiation
offset SR 5 26 W m22 is due to the heating being
distributed in the CTBL rather than all being at cloud
top. The cloud-top longwave cooling contributes neg-
ligibly to this offset since it is concentrated near cloud
top. The shortwave absorption and longwave cloud base
heating both stimulate more buoyancy fluxes than if they
were moved up to the layer top, so the radiation offset
acts against decoupling. The cloud liquid water offset
SC 5 3 W m22 and the offsets due to CTBL warming
and moistening are kvdsvl/dt 5 3 W m22 and kqdqtM/dt
5 23 W m22.

Note that (23) is also applicable to diurnal decoupling,
where the dominant balance of terms is very different.
For instance, for shallow coastal stratocumulus the net
boundary layer radiative flux divergence DFR can be 60
W m22 at night and zero during the day, when in-cloud
solar absorption approximately cancels cloud-top long-
wave cooling (Nicholls 1984). This is much larger than
the typical diurnal variations in the latent heat flux or
any of the other terms in (22). As expected, the diurnal
variation of DFR promotes decoupling during the day
according to (22).

c. Conceptual view of subtropical mixed-layer
evolution and deepening–warming decoupling

The feedbacks decribed below that lead to deepening-
warming decoupling in our model are diagrammed in Fig.
13. With the TN87 entrainment closure, we have found
that decoupling occurs because, as the sea surface warms.

1) The cloud base jump in buoyancy flux, which is
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FIG. 13. Mechanism of deepening-warming decoupling. Rounded rectangles indicate time-
varying fields. Here, ↑, ;, ↓ indicate whether a field increases, stays fairly constant, or decreases
as SST rises. Dashed rectangles indicate important effects of drizzle on decoupling. True rect-
angles indicate processes or closure assumptions. Arrows indicate feedbacks central to deep-
ening-warming decoupling. Dotted arrows indicate feedbacks that impact but are not required
for deepening-warming decoupling. See text for further discussion.

proportional to surface latent heat flux, increases
(Fig. 13, left of center).

2) The CTBL vertical average buoyancy flux does not
increase (Fig. 13, right of center).

Thus, the cloud-layer buoyancy flux increases but the
subcloud buoyancy flux decreases, leading to decou-
pling. In this subsection, we aim to understand why 1)
and 2) hold.

Point 1) depends on the energy and moisture balance
of the boundary layer, and is largely independent of the
entrainment closure. The top-left section of Fig. 13
shows the key processes. As SST rises, the boundary
layer warms almost in lockstep. Suppose, in accordance
with our simulations, that the total cloud-layer diabatic
forcing, due mainly to radiative flux divergence, does
not change too much as SST changes. This is a rea-
sonable assumption as long as the CTBL remains cloud
covered. Also suppose for simplicity in this discussion
that horizontal divergence and above-inversion ther-
modynamic profiles remain fairly constant; this is not
central to our argument. Maintenance of energy balance
requires that as SST rises, the inversion rises and weak-
ens in strength, and that entrainment rate rises. In the
moisture balance of the CTBL, the larger entrainment
rate and the larger difference between the saturated sea

surface mixing ratio and the above-inversion mixing
ratio both contribute to an increasing difference between
the mixed-layer mixing ratio and the sea surface mixing
ratio with rising SST. This implies a known and rising
cloud base, and a rapid rise in latent heat fluxes with
SST.

Unlike point 1), point 2) does depend on the entrain-
ment closure. It is diagrammed in the center-right por-
tion of Fig. 13. Energy balance requires an approximate
balance between entrainment warming and cloud layer
diabatic cooling of the form (21). Turbulent kinetic en-
ergy generation by buoyancy fluxes adjusts to maintain
the required entrainment rate. For a TN87-type entrain-
ment closure (12) this ties the vertically averaged buoy-
ancy flux to the cloud-layer diabatic cooling DF [notecld

R1P

this is similar to, but not the same as the diabatic forcing
DFdiab of(23)],

2.5A^w9sv9& ø DF /rref.cld
R1P (25)

The diabatic cooling remains comparatively constant
(Fig. 5), while the entrainment efficiency A tends to
increase with SST if it is allowed to vary according to
(13). Thus (as seen in Figs. 4 and 11), the vertically
averaged buoyancy flux tends to slowly decrease with
increasing SST.
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We have emphasized the role of increasing latent heat
fluxes in generating deepening-warming decoupling by
decreasing the flux ratio. Time variations in other pa-
rameters in (23) also affect when the decoupling occurs,
but are not as fundamental. The threshold ratio Q is
proportional to the fraction of the layer filled by cloud,
dzc/zi, and the entrainment parameter A. With the min-
imal model, we saw that for a nonprecipitating CTBL,
dzc/zi is a rather weaker function of SST than is the flux
ratio. The variation of A with SST in the control run is
large, but we found that decoupling occurs even if A is
constant. Thus, time variation in Q does not appear to
be vital to decoupling.

The most important effects of precipitation on de-
coupling are indicated on the far right of Fig. 13. Pre-
cipitation is best viewed as an important modifier of
deepening-warming decoupling rather than its funda-
mental cause, so we have indicated the effects with dot-
ted arrows. Precipitation promotes CTBL decoupling by
decreasing the diabatic forcing DFdiab. This forcing
comes both from in-cloud latent heating due to drizzle
falling through cloud base and from subcloud evapo-
ration. The in-cloud latent heating reduces the diabatic
cooling in the cloud layer. Working down the influence
chain, this promotes decoupling by decreasing the en-
trainment svl flux and hence the vertically averaged
buoyancy flux. The subcloud evaporation promotes de-
coupling, too, by creating a local minimum in buoyancy
fluxes at the top of the cooling region, that is, just below
cloud base. However, precipitation also indirectly works
against decoupling by inhibiting thickening of the cloud
layer, reducing dzc/zi.

5. Comparison of MLM with two-dimensional
eddy-resolving simulations

W97, using a two-dimensional eddy-resolving model
(ERM) with the same environmental conditions, find a
deepening and decoupling of the CTBL qualitatively
similar to the control run. The mean cloud thickness of
150–200 m during the first four days is similar to the
control run. However, the inversion deepens more rap-
idly in their simulations, rising from 600 m (the steady
state in the eddy-resolving model for the initial envi-
ronmental conditions) to 980 m after three days and
1480 m after six days (Fig. 14a).

In W97’s simulation, decoupling starts after 2.5 days,
substantially sooner than seen in the control run. This
can be seen in Fig. 14a by comparing the lowest cloud
base in any grid column of the model with the mean
cloud base. All air in a well-mixed CTBL has a similar
LCL, while in a decoupled boundary layer, cumulus
updrafts rising from the surface layer are moister and
have a substantially lower cloud base than the overlying
stratocumulus. In W97’s simulation, cumulus convec-
tion is intermittent in time due to the small domain size,
so after decoupling the hourly average lowest cloud base
lies between the typical cumulus cloud base and the

stratocumulus cloud base and therefore overestimates
the cumulus cloud base. During the first 2.5 days, the
lowest cloud base in the model domain is only 100 m
below the mean cloud base, indicating a relatively well-
mixed distribution of LCLs. After 2.5 days, the height
difference between the lowest cloud base and the mean
cloud base starts to increase.

Before day 2.5, the BIR (Fig. 14a) rises from near
zero to 0.1. As decoupling begins during days 2.5–3,
the BIR rises to 0.15. Later in the simulation, the BIR
continues to oscillate around 0.15 due to a zone of neg-
ative buoyancy fluxes around the cumulus cloud base.
Hence, the circulation pattern changes during decou-
pling to prevent further rise of the BIR.

We might expect better agreement between the MLM
and the ERM. In the rest of this section, we show that
with appropriate modifications the MLM can reproduce
W97’s results well up until the time of decoupling, and
that the decoupling criterion derived in the previous
section is consistent with the ERM. It is illuminating to
examine several reasons that modifications are needed.

The analysis of the previous sections suggests that
the timing of decoupling is sensitive to the entrainment
closure, that is, the details of the entrainment process.
Since this is represented so differently in the two models
we might anticipate disagreement about this timing. In
fact, the A diagnosed by W97 for the first four days of
their run is 3.5–5, rather larger than the A 5 0.6–2.5
during the control MLM run. According to (23), this
should promote earlier decoupling in the ERM than the
MLM run, as we have found.

However, we also showed that the inversion height
is insensitive to the entrainment closure. Why, then,
does the W97 simulation show a much more rapid in-
version rise? In fact, we can identify two other salient
differences between W97’s simulation and the control
run.

1) W97’s procedure for relaxing the sounding to the
prescribed structure was applied only at least 150 m
above the inversion height to minimize interference
with the entrainment process. Due to strong radiative
cooling in the lowest 150 m above the inversion, the
temperature just above the inversion averaged 2.5 K
cooler than the prescribed value used in the MLM
during days 0–4.

2) Drizzle rates in W97’s simulation averaged 0.2 mm
day21 at cloud base and near zero at the surface,
significantly lower than the 0.5–1 mm day21 at cloud
base and 0.2–0.3 mm day21 at the surface in the
control run. Thus, the radiative cooling in the control
run was counterbalanced by 5–7 W m22 of net latent
heating that was not present in W97’s simulation,
enhancing entrainment rates. Despite the lower driz-
zle rate, mean cloud thickness was lower in W97
than in the control run.

We examine the impact of these differences by making
three modifications to the MLM. First, we lower the
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FIG. 14. (a) As in Fig. 2 but for hourly averages from W96’s eddy-
resolving model. ‘‘Base’’ refers to mean cloud base, while ‘‘lowest’’
refers to lowest cloud base.

FIG. 14. (b) As in Fig. 2 but for MLM with modified drizzle pa-
rameterization and s1/Cp modified to better match W96’s eddy-re-
solving model.

above-inversion s1/Cp by 2.5 K to mimic 1). Second, we
double the threshold droplet size rv* for efficient auto-
conversion in the TN87 drizzle parameterization from 10
mm to 20 mm to mimic 2). Third, we initialize the MLM
with a deeper zi 5 600 m and initial cloud thickness of
200 m similar to W97’s initial conditions. The combined
impact of these modifications to the MLM control run
(Fig. 14b) is to cause the inversion to deepen faster (to
866/1496 m after three/six days in the modified run, com-
pared to 563/1081 m after three/six days in the control
run), while cloud thickness remains close to 250 m during
the first three days, slightly thicker than in W97. Cloud
base drizzle fluxes are reduced to 0.2 mm day21, ap-
proximately to those found by W97.

Most of the extra deepening in the modified run is due
to the lower s1/Cp. When the MLM is modified by chang-
ing s1/Cp and the initial conditions but not the drizzle

parameterization, the three/six day inversion heights are
765/1365 m. When the MLM is modified by changing
the drizzle parameterization and the initial conditions, but
not s1/Cp, the three/six day inversion heights are 687/
1208 m. In the latter case, the reduced latent heating due
to drizzle suppression is partly canceled by increased
solar absorption due to a slightly thicker cloud layer.
Hence, the net CTBL diabatic cooling available to bal-
ance entrainment warming is only slightly increased from
the control run and little extra deepening occurs.

The MLM BIR is between 0.1 and 0.2 through most
of the first two days, quite comparable to W97. It then
rises slowly to 0.35 after three days (suggesting decou-
pling should take place after two days, a little earlier
than found by W97) and more rapidly thereafter.

The MLM A varies from 1.0 initially to 2.0 at three
days, rising to 7.1 at six days. During the first three
days, this A is smaller than in W97’s simulation, even
though the BIR is comparable. We can mimic W97’s
diagnosed A more closely by using the entrainment clo-
sure A 5 4 in the modified control run. As expected
from the energy balance arguments, this makes only a
minor change in inversion height (to 939/1479 m after
three/six days) and has little impact on the cloud thick-
ness during days 1–3. However, during days 1–3, the
BIR with the A 5 4 closure was 0.4–0.65, much larger
than the BIRs of 0.1–0.2 found in W97. Two possible
reasons why use of the larger A in the MLM does not
improve its agreement with the ERM are as follows.
First, in the ERM, there is a slight decrease of mixing
ratio with height (0.5 g kg21 over the CTBL depth) even
in the ‘‘well-mixed’’ CTBL. This decreases cloud thick-
ness by up to 50% compared to a perfectly well-mixed
layer, for a given entrainment rate and surface fluxes.
Thus, w* for the MLM will be larger than for the ERM
and a lower ‘‘effective A’’ (by up to 50%) in the MLM
is necessary to sustain the same entrainment rate and
BIR as in the ERM with the same surface fluxes. Second,
entrainment in the ERM and in reality takes place in a
zone that is 25–50 m or so thick. In this region, where
unsaturated air is pulled down into the cloud, the buoy-
ancy fluxes can be negative even though the MLM
(which assumes instantaneous mixing and evaporative
cooling associated with entrainment through the inver-
sion) predicts positive buoyancy fluxes right up to the
inversion. This again leads to higher estimates of w*
for a given cloud thickness, surface fluxes, and entrain-
ment rate in an MLM than in an ERM. To get the same
BIR as in the ERM, we must again use a lower ‘‘ef-
fective A’’ in the MLM.

The flux-ratio decoupling criterion (22) based on the
ratio of radiative cooling to moisture flux works just as
well for the eddy-resolving model results as for the MLM.
Between days 0 and 4, W97 found that the latent heat flux
FL(0) tripled from 25 to 70 W m22, while the net CTBL
radiative flux divergence DFR ø 35 W m22, the fractional
cloud thickness dzc/zi ø 0.3, the entrainment parameter A
ø 4, and hence the threshold parameter Q 5 Ah(dzc/zi)
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FIG. 15. (a) July climatological trajectories (solid) used in northeast
Pacific MLM integrations and horizontal divergence (dash, units of
1026 s21). Heavy dashes indicate coastline. Half-octagons indicate
starting location of air columns, and squares indicate air-column po-
sitions at 1, 2, and 3 days.

FIG. 15. (d) BIR (solid, 0.15 contour highlighted) and DFR/QFL(0)
(dash, 1.0 contour highlighted). Shading indicates coupled CTBLs
(BIR , 0.15).

ø 1.1 throughout. According to (22), decoupling should
occur in the ERM when FL(0) exceeds DFR/Q ø 32 W
m22. In fact, at the onset of decoupling after 2.5 days,
W97’s latent heat flux is 55 W m22. If we lower A to the
‘‘effective’’ A ø 2 that produced good agreement between
MLM and ERM BIRs, Q is only half as large and the
latent heat flux corresponding to the onset of decoupling
is DFR/Q 5 64 W m22, in better agreement with (22).
Note that we have not considered the drizzle correction
(24) to the diabatic cooling, since it is much smaller in
this comparison than in the control run.

We conclude from this comparison that the decou-
pling process seen in eddy-resolving models of the stra-
tocumulus to trade cumulus transition can be understood
as in the MLM. Furthermore, the boundary layer evo-
lution in a diurnally averaged eddy-resolving model is
very similar to an MLM under the same environmental
conditions, as long as the effect of the strong longwave
cooling in the lowest few hundred meters above the
inversion is accounted for. This can be done either by
adding an appropriate cold offset to the above cloud
sounding in the MLM (as done here) or by adding this
above-inversion cooling into the radiative flux diver-
gence at cloud top in the MLM.

6. The regional extent of decoupling in subtropical
CTBLs

In this section, we examine the relevance of deep-
ening–warming decoupling to the northeast Pacific sub-
tropical stratocumulus regime. We use the method of
Wakefield and Schubert (1981) of following MLM-pre-
dicted boundary layer evolution along climatological
trajectories of boundary layer air columns. We use July
climatological 10-m winds, lightly smoothed horizontal
divergence, and SSTs from the Coupled Ocean Atmo-
sphere Data Set (COADS) on a 28 3 28 grid. We use
climatological July 850-mb temperature from the Eu-
ropean Centre for Medium-Range Weather Forecasts
(ECMWF) on a 58 3 58 grid. A constant lapse rate of
6 K km21 is assumed between the inversion and 850
mb. Due to the paucity of soundings over this region,
the ECMWF mixing ratio climatology is not used. In-
stead, a constant mixing ratio of 4 g kg21 (Riehl et al.
1951; Minnis et al. 1992) is assumed between the in-
version and the top of the domain at 1500 m, and a
water vapor path of 5.7 kg m22 above this level is used
in the radiation calculations.

From the surface winds, we compute five trajectories
starting at 408N and a set of evenly spaced longitudes
from 1268 to 1348 W (Fig. 15a). Also shown in Fig.
15a is the horizontal divergence, which is maximum
just off the coast at 368N. The SST and 850 hPa s1/Cp

are shown in Fig. 15b. The increase of s1/Cp along each
trajectory is much smaller than the increase of SST. We
determine the time evolution of the environmental forc-
ings input into the MLM on each of these trajectories
using linear interpolation between the gridded data. Di-

urnally averaged insolation at the instantaneous trajec-
tory latitude is used to remove the effects of diurnal
decoupling. To crudely account for the systematic dif-
ference between the mean wind speed and the magnitude
of the climatological mean wind vector, the wind speed
V used in the MLM is chosen to be 1.2 times the mag-
nitude of the COADS mean wind vector.

To initialize the MLM, a one-day back trajectory is
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FIG. 15. (b) July climatological SST (solid) and s(850 hPa)/Cp

(dash) in K.

FIG. 15. (e) Surface latent (solid) and sensible (dash) heat fluxes in
W m22.

FIG. 15. (c) MLM inversion height (solid) and cloud thickness
(dash) in m.

FIG. 15. (f) CTBL radiative flux divergence DFR (solid) and scaled
surface precipitation rate 2rrefLFP(0) (dash) in W m22 (divide by 30
to obtain precipitation rate in mm day21).

calculated and the MLM is allowed to evolve for 1 day
from the beginning of this back trajectory, with a starting
inversion height of 650 m, a cloud thickness of 150 m,
and an air–sea temperature difference of 20.5 K, to obtain
a ‘‘day 0’’ initial state. Several other initialization proce-
dures (including starting from a steady-state solution) were
also tested. The solution depends somewhat on the ini-
tialization procedure during the first day of integration but
becomes quite insensitive further along the trajectories.

MLM-derived quantities calculated along these trajectories
are interpolated to make regional contour maps.

The MLM inversion height and cloud thickness are
shown in Fig. 15c, the BIR is shown in Fig. 15d, and
the surface sensible and latent heat fluxes are shown in
Fig. 15e. The cloud thickness varies from 150 m in the
southeast corner to 350 m in the southwest. In general,
the CTBL is deeper and more decoupled farther off-
shore. July mean low cloud cover varies between 0.6
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and 0.8 over the entire oceanic region shown in the plots
(and farther west out to 1408W), with the exception of
a narrow strip of clearing near the coast (Betts et al.
1992). The MLM suggests that most of this area of
persistent stratocumulus is associated with decoupled
CTBLs. In the region where there is a downwind in-
crease in SST, the decoupling threshold BIR 5 0.15
corresponds fairly well to an inversion height of 700 m
and a surface latent heat flux of 90 W m22.

The trajectory nearest the coast shows a slightly dif-
ferent evolution than the others, somewhat dependent
on the initialization procedure. The inversion initially
drops along a trajectory as divergence increases, then
rises downstream. During the first day while the inver-
sion is dropping, surface sensible heat fluxes are neg-
ative and the BIR exceeds 0.15. Downstream, the in-
version remains shallow even as SST increases due to
the strong divergence, and the BIR remains between 0
and 0.15, indicative of a coupled boundary layer.

Net radiative flux divergence DFR across the CTBL
and surface precipitation rate are shown in Fig. 15f.
Both vary within comparable ranges to the control run.
In Fig. 15d, we see that the simplified flux-ratio criterion
DFR/FL(0) , Q (which ignores the contribution of driz-
zle) is generally a good predictor of regions that are
decoupled (BIR . 0.15).

7. Conclusions

We have used a mixed-layer model to understand why
stratocumulus-capped subtropical boundary layers tend
to decouple as they advect over warmer water. We have
also investigated the sensitivity of the boundary layer
evolution and decoupling to the entrainment closure. We
use solar radiative fluxes averaged over the entire di-
urnal cycle in our work; the deepening–warming de-
coupling discussed here is quite independent from di-
urnal decoupling. A similar downstream evolution is
also seen in wintertime cold air outbreaks; in that case
surface sensible heat fluxes play a more significant role
but much of the analysis may still apply.

By examining the energy balance of the cloud-layer,
we find that the entrainment rate, the cloud top and base
and the latent heat fluxes are insensitive to the entrain-
ment closure used. Small differences in the entrainment
rate can create a sufficient range of buoyancy flux pro-
files to satisfy most entrainment closures.

Deepening-warming decoupling, on the other hand, is
quite sensitive to the entrainment closure. We used the
TN87 entrainment closure, which relates entrainment to
turbulent eddy kinetic energy and inversion stratification.
With this closure, decoupling is an inevitable consequence
of the boundary layer changes that accompany an SST
rise. The fundamental driving force for convection and
entrainment is cloud layer diabatic cooling, which stays
nearly constant as the SST warms. Thus, with the TN87
closure, the CTBL vertically average buoyancy fluxes,
which determine the strength of the convective eddies,

also do not change substantially as SST rises. However,
the energy and moisture balance of the CTBL require a
rapid increase in latent heat fluxes as SST rises. Strong
latent heat fluxes force buoyancy fluxes to be much larger
in the cloud layer than in the subcloud layer. To be con-
sistent with the TN87 closure, in-cloud buoyancy fluxes
rise but subcloud buoyancy fluxes become increasingly
negative as SST rises, promoting decoupling.

One class of entrainment closures, ‘‘flux-partition-
ing’’ closures, determine entrainment rate by specifying
how negative the subcloud buoyancy fluxes are. These
closures by design cannot produce decoupling. A major
uncertainty in the current study is that current obser-
vations and numerical simulations have not yet yielded
a generally accepted entrainment parameterization for
CTBLs. New observations and higher-resolution large-
eddy simulation studies should help reduce this uncer-
tainty in the next few years. As a first step in this di-
rection, we have compared our MLM with W97’s two-
dimensional ERM simulations of CTBL evolution using
the same boundary conditions. After minor modification
of the MLM to better mimic the microphysics and in-
version structure of the ERM, reasonable agreement was
achieved. The deepening-warming decoupling found in
the ERM had a very similar character and evolution to
that predicted by the MLM.

We have found a ‘‘minimal decoupling criterion’’ for
negative subcloud buoyancy fluxes: The ‘‘flux ratio’’ of
boundary layer diabatic forcing to the surface latent heat
flux must become smaller than a threshold value. The
diabatic forcing is approximately the radiative flux di-
vergence across the CTBL minus a ‘‘drizzle’’ term re-
lated to precipitation and evaporation. The threshold is
proportional to (a) the fraction of the boundary layer
filled by cloud and (b) the entrainment closure parameter
A. For typical subtropical CTBLs, our criterion suggests
that decoupling will occur once the surface latent heat
fluxes exceed a threshold that is typically 50–100 W
m22, depending on the environmental conditions. In our
runs, drizzle promotes decoupling, but is not required
to produce decoupling at SSTs of 290–295 K, charac-
teristic of the warmer parts of the subtropical strato-
cumulus regimes.

A regional analysis using Lagrangian MLM simula-
tions driven by July climatology for the northeastern
Pacific Ocean suggests that most of the region of high
stratocumulus cloud cover is associated with decoupled
boundary layers; only the regions near the coast where
SST is coldest, horizontal divergence is strongest, and
boundary layer depths are less than 750 m are coupled
in a diurnally averaged sense. Other subtropical stra-
tocumulus regions are probably similar. The large ex-
panses of subtropical stratocumulus in deeper boundary
layers appear to form as a result of shallow cumulus
detraining into a stratocumulus layer (Klein et al. 1995).
Whether the much larger expanses of midlatitude oce-
anic stratocumulus (Klein and Hartmann 1993) also of-
ten lie atop decoupled boundary layers [as suggested by
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work of Nicholls (1985) from the North Atlantic Ocean]
remains an interesting and important question for a fu-
ture observational study.

Because of deepening–warming decoupling, a physi-
cally based boundary layer parameterization must treat
stratocumulus cloud amount due to both well-mixed and
cumulus-coupled boundary layers as well as the transition
between the two. In particular, it requires the integration
of a cumulus parameterization, a cloud parameterization,
and a turbulence parameterization that accurately repre-
sents layer cloud feedbacks on boundary turbulence. A
few groups have introduced parameterizations of this type
and used them to predict stratocumulus cloud cover (e.g.,
Wang 1993; Wang et al. 1993; Tiedtke 1993; Bechtold
et al. 1992, 1995), with promising results. One element
in the ultimate success of such parameterizations is a
realistic depiction of decoupling. Decoupling does not
immediately produce cloud breakup (W97). However, a
boundary layer that is moistest near the surface will sup-
port a thinner cloud layer than a well-mixed boundary
layer with the same mixing ratio, so we may expect de-
coupling to affect mean cloud albedo and the surface
radiation balance.

Tiedtke’s parameterization uses the depth of the con-
ditionally unstable cloud layer as the principal predictor
of decoupling, treating moist convection where condi-
tional instability extends exactly one grid point above
cloud base using a cloud-topped mixed-layer scheme
and treating deeper convection using a cumulus scheme.
Wang’s parameterization also indirectly relates decou-
pling to the depth of the conditionally unstable cloud
layer. In Wang’s parameterization, the intensity of the
updraft mass fluxes in the boundary layer is inversely
related to the amount of conditional instability, favoring
rapid turnover (well mixedness) in shallow boundary
layers too shallow to allow much conditional instability.
In Wang’s model, both decoupling and cloud amount
are quite sensitive to the parameterization of precipi-
tation. Neither of these models appears to include a
strong feedback of surface latent heat fluxes on decou-
pling. Bechtold et al.’s model, on the other hand, is
based on turbulence closure and should directly simulate
the decoupling process. Our work suggests this ap-
proach is more physically realistic. With continued ef-
forts to compare simple models, operational parame-
terizations, large-eddy simulations, and observations,
we should be able to make considerable further progress
in representing decoupling and its consequences for stra-
tocumulus cloudiness in global models.
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APPENDIX A

Computation of we

Using (4)–(8), the buoyancy flux profile can be par-
titioned into a known component independent of en-
trainment (associated with the surface fluxes and the
radiation and precipitation profiles) and a term propor-
tional to the unknown entrainment rate:

^w9b9&(z) 5 c0(z) 1 c1(z)we. (A1)

At each grid point zk, the formulas for c0(zk) and c1(zk)
depend upon whether the grid point is saturated or not,
due to the different formulas for buoyancy flux used in
saturated versus unsaturated air. The saturated formulas
for c0(zk) and c1(zk) are also computed for the grid point
above cloud top so that the contribution to the buoyancy
flux integral from above the highest in-cloud grid point
can be included. Substitution of (A1) into (10) [using
(13) to find A] determines we:

w 5 aI /(1 2 sI ), (A2)e 0 1

a 5 2.5As /{gz Ds }, (A3)v0 i vi

zi

I 5 dz c (z), j 5 0, 1.j E j

0

To find we, we must find I0 and I1. An accurate nu-
merical approximation of these integrals, that accounts
for the discontinuities in the cj’s at cloud base and top
is crucial, else the cloud top does not evolve smoothly
between grid levels. Let Ij

(k) be the contribution to the
integral Ij from zk , z , zk11. The trapezoidal rule Ij

(k)

5 0.5Dz{cj(zk) 1 cj(zk11)} is used for the integration
except near zb and zi. The discontinuities in cj at zi and
zb are handled by linear extrapolation of cj(z) out to the
discontinuities to compute the integrals. Let kb and ki
be the indices of the highest grid point below cloud base
and the inversion, respectively, and let fb 5 (zb/Dz 2
kb), fi 5 (zi/Dz 2 ki), gb 5 1 2 fb, gi 5 1 2 fi. Then

(kb) 2 2I 5 0.5Dz{2f c (z ) 1 (2f 1 f )c (z )j b j kb21 b b j kb

2 21 (2g 1 g )c (z ) 2 g c (z )},b b j kb11 b j kb12

(ki) 2 2I 5 0.5Dz{(2f 2 f )c (z ) 1 f c (z )}.j i i j ki i j ki11

APPENDIX B

Decoupling Threshold for MLM

To generalize criterion (22), we first construct the
buoyancy flux profile given the surface fluxes ^w9svl9&(0)
and ^w9qt9&(0), the precipitation flux profile FP(z), the
normalized radiation flux fR(z) 5 FR(z)/rref, and the ten-
dencies dsvlM/dt and dqtM/dt. We then apply the threshold
condition that the subcloud buoyancy flux is zero to
obtain ^w9svl9&(0) in terms of the other variables and use
this buoyancy flux profile in the entrainment closure to
find weDsvi as in (20). We then generalize the energy
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balance equation (21) to obtain a different expression
for weDsvli. A comparison of these two expressions leads
to our decoupling threshold.

From (8), the buoyancy flux profile is

^w9s 9&(z) 5 b (z)^w9h9&(z) 2 b (z)L^w9q 9&(z)v 1 2 t

5 b (z){E(z) 2 f (z)} 2 b (z)L{W(z) 2 F (z)},1 R 2 P

5 b (z){^w9h9&(0) 1 f (0) 2 f (z) 2 zdh /dt}1 R R M

2 b (z)L{^w9q 9&(0) 1 F (0)2 t p

2 F (z) 2 zdq /dt},P tM

1, 0 , z , zbb (z) 51 5b, z , z , zb i

1 2 de, 0 , z , zbb (z) 52 5e, z , z , z .b i

(B1)

From (B1), we can calculate w*3 and substitute into the
entrainment closure as in (20). Denoting the vertical
average of a quantity over the CTBL depth by an over-
bar and defining a 5 2.5A, we find

w Ds 5 T 5 a[b ^w9h9&(0) 1 b ( f (0) 2 f (z))e vi 1 1 1 R R

2 b z dh /dt1 M

22 L{b ^w9q9&(0) 1 b (F 2 F (z))2 t P(0) P

2 b z dq /dt}].2 tM

(B2)

We can also find a generalization of the energy balance
Eq. (21) using (2)–(7):

w Ds 5 T 5 2^w9h9&(0) 1 mL^w9q 9&(0) 1 f (z )e vli 2 t R i

2 f (0) 1 mLF (0) 1 z ds /dt.R p i vl

(B3)

Now Dsvi 5 Dsvli 2 (m 2 e)Lqli, where qli is the liquid
water mixing ratio just below the inversion, so

T1 2 T2 1 (m 2 e)weLqli 5 0. (B4)

From (B1), the threshold of zero subcloud buoyancy
flux requires that

2^w9s 9&(z ) 5 0v b

5 ^w9h9&(0) 2 mL{^w9q 9&(0)t

21 f (0) 2 f (z )R R i

2z dh /dt}b M

2 mL{F (0) 2 F (z ) 2 z dq /dt}.P P b b tM

(B5)

Using (B5) to eliminate ^w9h9&(0) from (B4), we obtain
the threshold condition (24), where

k 5 r {ab z 1 z 2 [1 2 ab ]z }, (B6)v ref 1 i 1 b

k 5 r aL(b 2 mb )z, (B7)r ref 2 1

S 5 ab [F (0) 2 F (z)]R 1 R R

2 [1 1 ab ][F (0) 2 F (z )], (B8)1 R R b

S 5 2r L{ab [F (0) 2 F (z)] 1 mF (0)P ref 2 P P D

2 m[1 1 ab ][F (0) 2 F (z )]}, (B9)1 P P b

S 5 r L(m 2 e)w q . (B10)C ref e li
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