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ABSTRACT

Some aspects of the nonlinear behavior of mid-latitude baroclinic waves are investigated by means of 2
series of integrations of the primitive equations with spherical geometry. Each integration has as initial
conditions a balanced zonal flow perturbed by a small-amplitude disturbance of normal-mode form. Results
are presented in detail for several zonal flows and perturbations which are confined initially to either zonal
wavenumber 6 or zonal wavenumber 9.

In each case a disturbance grows by baroclinic instability and develops a structure in some agreement
with the usual synoptic picture of an occluding system. Its growth rate at low levels decreases more rapidly
than that at higher levels, as found by Gall using a more severely truncated model, and upper-level ampli-
tudes become larger relative to surface values than in the initial linear mode. This is more marked for
wavenumber 6 than for wavenumber 9, and differences in linear structure are thus enhanced in the nonlinear
regime.

Barotropic processes become important during the occlusion of the disturbance as the forcing of vertical
motion by thermal advection decreases in importance, although the vorticity actually changes at about
half the rate that would occur in a barotropic fluid. In these examples the barotropic effects bring about a de-
cay of the wave at a rate similar to that of its earlier baroclinic growth, and a well-defined life cycle exists.

Large-scale eddy fluxes of heat and momentum averaged over this life cycle have a structure that is
substantially different from that given by linear stability analyses, and agreement with observation is
improved. Net changes to the zonal-mean temperature gradient are largely confined to the lower troposphere
and, to a lesser extent, the lower stratosphere. The change in surface zonal-mean flow is much as suggested
by linear theory but at upper levels the westerly jet is strengthened as the disturbance decays.

Additional barotropic integrations have been performed to examine the changes in structure of longer
wavelength disturbances at upper levels. Predominantly poleward momentum fluxes result from latitudinal
variations in phase speed, and movement at a particular latitude is found to be governed largely by the
zonal-mean velocity and vorticity gradient at that latitude. Additional baroclinic experiments provide an
example of interactions involving a slower growing, longer wavelength component, and examples of some
truncation errors that may result from use of lower resolution models. The sensitivity of results to the
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inclusion of dissipative processes is also examined.

1, Introduction

Following the original work of Charney (1947)
and Eady (1949) there has been a widespread interest
in the linear theory of baroclinic instability. However,
while comparison with the observed development of
large-scale mid-latitude disturbances has clearly
identified the latter as commonly resulting from such
an instability, there nevertheless remain a number of
respects in which the results of linear theory differ
significantly from observed statistics of the general
circulation. Thus, despite recent extensions to the
primitive equations with spherical geometry and
high vertical resolution (Gall, 1976a; Simmons and
Hoskins, 1976), linear solutions generally exhibit
relatively large amplitude near the surface and may
fail to represent the correct patterns and relative
strengths of upper-level eddy fluxes (Green, 1970;
Gall, 1976a; Simmons and Hoskins, 1977a). Such
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discrepancies, in addition to being of intrinsic interest,
may be of significance for climate modeling since
results of linear theory are an important part of several
parameterizations of eddy fluxes used in zonally
symmetric and low-resolution three-dimensional models
(Schneider and Dickinson, 1974 ; White, 1977).

In this paper we investigate some aspects of the
nonlinear behavior of mid-latitude baroclinic waves by
means of a series of numerical integrations of the
primitive equations with spherical geometry. Initial
conditions comprise in each case a zonal, baroclinically
unstable jet perturbed by a small-amplitude disturbance
of predetermined normal-mode form. This work is thus
a natural extension of that by Simons (1972) using a
quasi-geostrophic model and Gall (1976b) using the
primitive equations, both of whom followed the
growth of baroclinic waves into the nonlinear regime
using a numerical truncation more severe than that
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adopted here. The present integrations provide a more
complete representation of the occlusion of the wave
and confirm several findings of the earlier studies,
although there are differences in detail.

A novel feature of our results is that the occlusion is
followed by a pronounced decay of wave amplitude
during which barotropic processes dominate. The
disturbances thus possess a well-defined life cycle, and
net eddy fluxes and zonal-mean changes calculated
over the whole life cycle may be compared with patterns
given by linear theory. Attention is concentrated here
on such aspects of the solutions. A more detailed study
of the synoptic development, with particular emphasis
on frontogenesis, will be given elsewhere.

It should be noted that use of normal-mode initial
conditions implies a sequence of identical disturbances
~—both upstream and downstream. In addition, the
motion is described here by equations which are
inviscid and adiabatic apart from an internal dissipation
required to limit frontal formation to a resolvable scale,
and we include no forcing at the lower boundary.
Thus, in comparison with the real atmosphere, we
consider a much idealized situation, This has the advan-
tage of enabling results to be more easily related to
previous simpler studies, but yields a rather specific
type of mature behavior. A gradual relaxation of some
of the simplifying assumptions will be made in sub-
sequent studies.

2. The numerical model

The basic numerical model used for this study is that
described in detail by Hoskins and Simmons (1975).
The primitive equations are expressed in sigma coor-
dinates and in vorticity and divergence form. Variables
are represented in the horizontal by truncated expan-
sions in terms of spherical harmonics and in the vertical
by their values at discrete levels. A second order
semi-implicit time scheme is used, and here we incor-
porate the filter suggested by Robert (1966), as in our
linear studies of baroclinic instability (Simmons and
Hoskins, 1976).

For most of the present experiments the horizontal
resolution comprises a triangular spectral truncation
at total wavenumber 42, which gives a shortest retained
scale of 150 km, although interactions involving this
scale are poorly represented. In the vertical 14 unequally
spaced levels are used, these being chosen to give a
resolution everywhere less than 100 mb, with enhanced
resolution close to the ground and a limited resolution
of the lower stratosphere. The actual level spacing is
specified later in Table 2. A timestep of 1 h is used.
A few experiments have been performed using different
resolutions, and these are discussed in Section 10.

Our particular interest here is in the dynamical
aspects of the life cycle of the disturbances, and
Integrations have thus been performed incorporating
few additional physical processes. In fact, for most
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cases the only such process included is an internal
diffusion in which terms —xV2(V%), —«V2(V2D) and
—~«kV2(V?T) are added to the expressions for the rates
of change of relative vorticity £, divergence D and
temperature 7. Here V? is the two-dimensional Laplac-
ian operator and «x=2.338X10'® m* s!. Some such
form of internal smoothing is needed in experiments
such as these in order to prevent the attempted forma-
tion of fronts on scales that cannot be resolved, and it
is hoped that the energy thus dissipated is typical of
that which would be transferred to such scales in
reality. The present choice is simple to include in a
spectral model, and is suitably scale selective, giving a
decay rate of (3 day)™ for the shortest retained scale
but having little effect on the larger scales associated
with the growing baroclinic wave. The value of x was
chosen somewhat subjectively as the smallest that
maintained coherent fields of vorticity and divergence.
Integrations using different values give similar results,
and these are also discussed in Section 10, together
with results from several integrations including other
physical processes.

3. Initial conditions

Each integration has as initial conditions a zonal
jet perturbed by a small-amplitude disturbance of
normal-mode form. For a given zonal wavenumber this
mode is predetermined by applying an initial-value
technique to a linearized, adiabatic version of the
numerical model. Full details of the method of calcula-
tion have been given by Simmons and Hoskins (1976).
When used as initial conditions for a nonlinear integra-
tion each mode is scaled to give an initial surface
pressure wave of amplitude 1 mb.

The zonal flows chosen for study here are those
whose linear stability was examined by Simmons and
Hoskins (1977a) and reference should be made to the
latter paper for a detailed description of both the
zonal-mean states and the structure and transfer
properties of the most unstable normal-mode distur-
bances. The four flows examined each have a maximum
at 200 mb, and will be referred to by their horizontal
structures, which comprise jets of relatively broad
meridional scale centered at 30° and 55° latitude, a
jet centered at 45° and a second 30° jet of smaller
meridional scale. These flows are not intended to model
in detail any specific observed or climatological profile,
and should be regarded as particular examples from
a range of possible atmospheric flows. A feature of our
results is that the qualitative nature of solutions varies
little from flow to flow, and for purposes of presentation
we concentrate on results for the 45° jet.

For each particular zonal flow it is necessary to choose
the zonal wavenumber of the initial normal-mode
disturbance. Integrations have been performed using
wavenumber 6 perturbations for all flows, and using
wavenumber 9 perturbations for all but the 55° jet,
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Fi6: 1. North polar stereographic plot showing surface pressure
(solid contours) and low-level temperature (0=0.985, broken
contours) after seven days of integration for the wavenumber 6
perturbation to the 45° jet. Contours are drawn at intervals of
8 mb and 4°C using linear interpolation between values on the
computational grid comprising 32 “Gaussian” latitudes and 32
regularly spaced points per 60° longitude. Background lines of

"latitude and longitude are drawn at intervals of 20°.

for which the higher wavenumber modes appear to be
atypical (Simmons and Hoskins, 1977a). These two
wavenumbers are among the faster growing for these
flows. Additional integrations using wavenumber 3
and wavenumber 12 initial conditions have been
performed for the broader 30° jet.

4. Some synoptic features

In this section we illustrate a limited number of
synoptic features for the case of wavenumber 6 initial
conditions and the 45° jet. A more complete description
of fields related to the frontal formation and occlusion
of the disturbance will be given elsewhere. Here we
present a single picture of the low-level structure of the
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occluding wave, and show the upper-level flow pattern
during the period of final growth and subsequent
barotropic decay. The net effect of the disturbance
on the temperature disturibution at several levels is
also shown.

The surface pressure and low-level temperature
after seven days of integration are illustrated in Fig. 1.
By this time the surface low has deepened to an ampli-
tude of about 32 mb and moved some 8° poleward to a
position 12° north of the jet maximum. There is a
larger area of weaker high pressure to the south.
The temperature wave shows a pronounced distortion,
with the strongest gradients located in positions
typical of occluded and cold fronts, and the region of
relatively warm air has diminished as the wave develops.
These and other fields are in close agreement with the
usual synoptic picture of an occluding mid-latitude
distance. " Little further intensification occurs at the
surface beyond this time.

The streamfunction at an upper tropospheric level
is illustrated in Fig. 2 for day 8! and the five following
days. The sequence shows the disturbance continuing
to grow up to a time between day 9 and day 10, during
which there is a gradual enhancement of the southwest
to northeast tilt to the south of the disturbance max-
imum and a reduction of the opposite tilt to the north.
In the absence of vertical coupling such a pattern would
imply a barotropic strengthening of the jet and decrease
in wave amplitude. Just such a process is observed to
occur rapidly beyond day 10. During this time the

1 Eight days after the start of the integration.

S

Fi1G. 2. Streamfunction at ¢=0.321 at daily intervals from day 8 to day 13 for the wavenumber 6 perturbation to the 45° jet. The
zero contour is dashed to avoid emphasis of insignificant small-amplitude variability close to the equator, and the contour interval is
1.5X 107 ¢?Q, where a is the radius of earth and @ its angular velocity.
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o=.157

F16. 3. Temperature at ¢=0.157, 0.321 and 0.985 at days O (upper) and 14 (lower) for the wavenumber 6
' perturbation to the 45° jet. The contour interval is 4°C.

tilt of the wave is from southwest to northeast at almost
all latitudes and the corresponding eddy momentum
flux is almost entirely poleward.

A similar sequence occurs at other upper tropospheric
and lower stratospheric levels. Such pronounced tilts
are not evident in patterns of low-level streamfunction,
but here too there is a significant loss of eddy energy
between days 10 and 12 and an enhancement of the
easterly-westerly-easterly distribution of surface zonal-
mean wind forced by the wave in its growing phase.

The initial temperature field and that after 14 days
are shown in Fig. 3 for the model level closest to the
surface and for levels in the upper troposphere and
lower stratosphere. Near the surface the net effect of
the disturbance is to destroy the marked temperature
gradient between latitudes 40° and 60°, but to enhance
gradients to the south and north. Static stability is also
enhanced in these regions, and although a remnant of
the original wave can be seen at day 14 in the southern
zone, we find no significant secondary development in
integrations continued to day 27.

Quite different temperature changes are found at
higher levels. In the upper troposphere, although there
is some weakening of the overall baroclinic zone there
is little change in the gradient between latitudes 40°
and 60°. In the lower stratosphere the baroclinic zone
is weakened to the south, but the reversed gradient is
enhanced between 45° and 60°.

Results for wavenumber 9 initial conditions are
generally similar to those for wavenumber 6 at low
levels, although variations in amplitude are apparent.
The principal difference is that the shorter wavelength
disturbance remains concentrated at low levels through-
out the course of the integration. At upper levels a

relatively weak perturbation grows and decays retaining
much of the structure of the normal mode, being
concentrated poleward of the jet maximum with a tilt
such as to give a predominantly equatorward momen-
tum transfer, as will be illustrated subsequently.

5. Energetics

The energetics of each integration have been evaluated
at daily intervals using the expressions derived by
Lorenz (1955) for pressure coordinates. To apply these,
fields were linearly interpolated from sigma coordinates
at each point of the grid used for the computation of
nonlinear terms, and for simplicity derivatives were
evaluated using finite differences. In spite of the
errors introduced by both this procedure and the
approximate nature of the energy equations an error
of less than 109, was found in a check of the components
of the energy balance over the life cycle of the wave-
number 6 disturbance to the 45° jet.

The variation with time of the eddy energy is shown
in Fig. 4 for zonal wavenumbers 6 and 9 and various
flows. In all cases growth of a disturbance is followed
by a period during which it decays at much the same
rate as that at which it grew, and it is clear that well-
defined life cycles exist. For clarity the result for the
wavenumber 6 disturbance to the sharper 30° jet is
not shown in Fig. 4 but it too exhibits the same overall
behavior, with a slow growth to a relatively weak
maximum eddy energy of 0.73)X10° J m~ at day 17,
and a slow subsequent decay.

The results for different flows reveal substantial
variations in the maximum eddy energies reached by
disturbances of a given zonal wavenumber. Maximum
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F16. 4. Variation with time of the sum of eddy kinetic and eddy
available potential energy for wavenumber 6 (upper) and wave-
number 9 (lower) disturbances to (a) the 45° jet, (b) the broad"
30° jet, (c) the 55° jet and (d) the narrow 30° jet. The different
scales of the upper and lower graphs should be noted. '

values are found to be attained within about three
days from the time the meridional temperature gradient
first reverses at the surface, and determination of the
most unstable normal mode for the zonal-mean state
at this time indicates that a marked change of structure
would be required to achieve further (but much weaker)
baroclinic growth. What appears to happen here is that
barotropic processes bring about a decay of amplitude,
and further zonal-mean changes, before such an adjust-
ment can be completed. As growth ceases there remains
a considerable amount of zonal available potential
energy, the largest depletion amounting to little more
than a quarter of that initially present. Thus the
indication from these results, and those of Gall (1976b),
is that growth is limited largely by a local stabilization
of the flow, rather than by the overall amount of
available energy as argued by Green (1970).

For a particular wavenumber Fig. 4 shows a -

tendency for larger maximum eddy energies to be
associated with larger growth rates in the linear phase.
Given that growth is indeed limited by the first reversal
of the meridional temperature gradient,. this result is
as suggested by linear theory for a mode growing as
exp(gf) inducing zonal-mean changes at a rate exp(2gt),
but beyond such considerations it is difficult to evaluate
in a precise quantitative way the factors determining
maximum values. Assuming exponential growth to be
maintained for finite-amplitude disturbances, linear
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solutions give times for the reversal which are typically
two days earlier than computed for wavenumber 6,
but variations in nonlinear growth are such that
amplitudes at the predicted time of reversal are poor
indicators of those actually reached, giving eddy
kinetic energies too small by a factor which varies
from 2.5 for the broad 30° jet to 9.5 for the 45° jet.

In addition to variations from flow to flow, the
energy levels reached by wavenumber 6 disturbances
are generally substantially larger than those reached
by wavenumber 9, in agreement with a result found by
Gall (1976b). In these examples this is associated
principally with the very much larger upper-level
amplitudes of the wavenumber 6 disturbances. For
the 45° jet the surface eddy kinetic energy density is
also larger for wavenumber 6 than for wavenumber 9,
but the reverse is true for the two 30° jets, for which
wavenumber 9 has the faster linear growth rate.
Wavenumber 6 is the faster growing for the 45° jet.

An example of the variation with time of the various
energy conversions is given in Fig. 5 for the wavenumber
6 disturbance to the 45° jet. Up to day 8 baroclinic
processes evidently dominate, with conversions from
zonal to eddy available potential energy and from the
latter to eddy kinetic energy. As these conversions
decrease in magnitude the barotropic conversion from
eddy to zonal kinetic energy becomes dominant, as
found by Simons (1972), here reaching a maximum
value at day 11 when the baroclinic conversions have
decreased almost to zero. Although at each day the

4

~
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-

FiG. 5. Variation with time of various energy conversions and
the net rate of energy dissipation (dotted curve) for the wave-
number 6 disturbance to the 45° jet. Az and 4g are the zonal
and eddy available potential energies, and Kz and Kg the corre-
sponding kinetic energies. Positive values of C(4z — Ag) imply
a transfer from Az to 4z, and negative values imply a reversed
transfer.
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internal dissipation is weak compared with the major
conversions, its overall effect is significant, the net loss
of zonal available potential energy being slightly more
than twice the gain of zonal kinetic energy.

A similar cycle is found in other cases. Internal
dissipation becomes relatively larger in the energy
budget of the wavenumber 9 disturbances, but little
overall change is found in results from an experiment
in which the diffusion coefficient was halved. Further
discussion is given in Section 10.

A feature of the nonlinear growth of many distur-
bances is the development of amplitudes that are
substantially larger at upper levels than close to the
surface. This is illustrated for the wavenumber 6
disturbance to the 45° jet in Fig. 6, which shows the
distribution with latitude and height of the eddy
kinetic energy density at days O and 10, and the
distribution averaged over the 10 day period from day
4 to day 14. At day 10 the eddy kinetic energy is a
maximum, and the contribution from about this time
dominates the average over the life cycle, as is the case
for many other fields.

The relative enhancement of upper level amplitudes
is generally greater in these examples than in that
considered by Gall (1976b) who, while finding some
upper level increase in the horizontally averaged
kinetic energy density, showed the surface maximum
in geopotential perturbation to remain slightly larger
than the upper tropospheric maximum throughout the
integration. However, the extent of the enhancement is
found here to vary significantly from flow to flow,
being (for kinetic energy) about four times larger for
the narrower 30° jet than for the 55° jet, which shows
little upper level increase. The enhancement is also
larger by a factor of about 2 for wavenumber 6 than
for wavenumber 9, the nonlinear regime thus amplifying
differences in upper level amplitude found in normal-
mode studies.

Further investigation has been made for the wave-
number 6 disturbance to the 45° jet. It is found that
vertical energy transfer plays a relatively small role
in the separate kinetic energy budgets of the upper and
lower troposphere. Larger upper level amplitudes may
thus be viewed as resulting from a larger upper level
conversion of eddy available potential energy to eddy
kinetic energy, as found by Gall. This in turn may be
linked with the tendency inherent in normal-mode
results for zonal-mean changes to be concentrated at the
surface, thus leaving an upper level structure initially
more suitable for further baroclinic growth than that
at lower levels. This lasts only for a limited period of
time, and upper-level growth ceases as barotropic
effects become dominant.

6. Eddy fluxes and the mean meridional circulation

In this section we discuss the eddy fluxes of heat
and momentum, and the induced mean meridional
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Fi1c. 6. Meridional cross sections of eddy kinetic energy density
[3(w24?)] at (a) day 0, (b) day 10, and (c) averaged from
day 4 to day 14, for the wavenumber 6 disturbance to the 45° jet.
Here #' is the zonal velocity perturbation, o' the meridional
velocity perturbation, and the overbar denotes a zonal average.
For this and subsequent sections values are linearly interpolated
to pressure coordinates using a mean surface pressure of 1000 mb.
Contours are drawn using linear interpolation between values
defined on the computational grid, and the interval is one-fifth
the maximum value of each field. Dimensional values of various
averaged fields are given in Table 1. The maximum density of
Kg at day 10 is about 530 m? s72.

circulation, concentrating on values averaged over the
life cycles of the disturbances. To enable specific
comparisons to be made between the results for different
wavenumbers and different flows, an averaging period
of 10 days has been chosen in each case. The actual
times are specified subsequently in Table 1.

Meridional cross sections of averaged poleward eddy
heat fluxes for the wavenumber 6 integrations are
presented in Fig. 7. In comparison with linear calcula-
tions (Simmons and Hoskins, 1977a) upper tropospheric
fluxes are of significantly larger relative amplitude, and
results now exhibit the observed secondary upper
tropospheric maximum (Oort and Rasmusson, 1971;
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F1G. 7. Meridional cross sections of time-averaged horizontal eddy heat fluxes +'T’ for wavenumber 6
disturbances to (a) the 45° jet, (b) the broad 30° jet, (c) the 55° jet.and (d) the narrow 30° jet. Here
T’ is the temperature perturbation and the direction of each flux is indicated by an arrow. The zero
contour is dashed and drawn only at those latitudes where the amplitude at some level exceeds one-

tenth of the contour interval.

Newell et al., 1974). Fluxes are also of broader
meridional scale, particularly at low levels where the
location of the maximum varies over a range of up to
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mb for the 45° and 55° jets since repetition of the
calculation for the 45° jet using an improved strato-
spheric resolution resulted in a halving of its mag-
nitude. In addition, the basic zonal-mean flows are
unrepresentative of either the summer or the winter
stratosphere at the uppermost layers.

The corresponding patterns of poleward eddy
momentum fluxes are illustrated in Fig. 8, and exhibit
much less variation from flow to flow than is the case
for the linear modes. Increases in upper level amplitude
and changes in tilt as the waves mature and decay
are reflected in momentum fluxes which in all cases are
concentrated in the upper troposphere, with pre-
dominant poleward maxima located at latitudes close
to those of the initial jet maxima. Such results are in
good agreement with observed net transient eddy
fluxes (Oort and Rasmusson, 1971 ; Newell et al., 1972).
Analyses by Blackmon et al. (1977) show significant
equatorward components for disturbances with 2.5-6
day periods, but the wavenumber 6 disturbances
examined here have periods close to the low-frequency
end of this range and, as discussed below, wavenumber
9 disturbances are associated with predominantly
equatorward components, although these are of small
amplitude.

Averaged horizontal eddy heat and momentum
fluxes for the wavenumber 9 disturbance to the 45°
jet are shown in Fig. 9. Results for the other zonal
flows are again remarkably similar. For this wave-
number, averaged fluxes are closer in form to those
given by linear calculations, and although there is
some increase in vertical scale the poleward heat flux
remains largely confined to the lower troposphere. As
noted above the eddy momentum flux has a much
stronger equatorward than poleward component, in
marked contrast with the results for wavenumber 6,
differences in linear structure again being amplified. in
the nonlinear regime.
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F1c. 9. Meridional cross sections of (a) the time-averaged
horizontal eddy heat flux and (b) the corresponding momentum
flux for the wavenumber 9 disturbance to the 45° jet.

An indication of the magnitudes of the averaged
horizontal eddy fluxes is given in Table 1. As with the
net eddy energies there are considerable overall varia-
tions from flow to flow, but concentrating attention on
the relative magnitudes of upper-level heat and momen-
tum fluxes for wavenumber 6 initial conditions, we
find a significant difference from the corresponding
results for linear modes (Table 1, Simmons and Hoskins,
1977a). As suggested by the synoptic pictures and

TasiE 1. Amplitudes of the upper and lower level maxima in poleward eddy heat flux (v'7”), the upper level maximum in horizontal
eddy momentum flux (#'7'), and the maximum eddy kinetic energy density [$(«#'+v")], for 10-day averages. Positive values for the
momentum flux denote a maximum poleward flux and negative values a maximum equatorward flux. Kinetic energy densities are
largest near the tropopause for wavenumber 6 and at the surface for wavenumber 9.

Averaging o o . I
period T’ (lower) o1’ (upper) u'v’ w4+
Zonal flow (days) (°Cms™) (°Cms™1) (m? s72) (m? s72)
Zonal wavenumber 6
45° jet 4-14 19.2 20.1 106.4 219
55° jet 1-11 221 20.1 80.2 146
broad 6-16 11.9 7.9 470 67
30° jet |
narrow 10-20 5.5 2.7 15.7 28
Zonal wavenumber 9
45° jet 6-16 5.0 — —12.6 44
broad 5-15 7.3 — —13.2 46
30° jet {
narrow . 6-16 5.7 — -5.3 27
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(a) the vertical eddy heat flux w’7”, (b) the vertical eddy momen-
tum flux w’#’ and (c) the streamfunction of the mean meridional
circulation for the wavenumber 6 disturbance to the 45° jet.
Here w is the usual material derivative of pressure, and maximum

dimensional values are 7.8°C mb h™, 12.3 m s! mb h™! and .

108 m s™! mb, respectively.

energetics discussed earlier, there is a gradual increase
in the strength of the upper poleward momentum flux
relative to the heat flux throughout the growth of each
disturbance, and in the decay stage the heat flux
decreases to a negligible value one or more days before
the momentum flux. The overall effect is that the
relative strength of the averaged momentum flux is
between two and three times larger than found for the
normal mode. Comparison with observed transient eddy
fluxes compiled by Oort and Rasmusson (1971) shows
that, if maximum upper level heat fluxes are scaled
to agree, our computed momentum fluxes are generally
weaker than observed winter values but stronger than
observed in other seasons.
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In general, specific comparisons with atmospheric
circulation statistics are not straightforward. The
statistics themselves show quite large variations from
month to month, and with transient eddy disturbances
occurring in the atmosphere on a range of scales it is
not clear what combination of wavenumbers 6 and 9
is appropriate, or indeed whether 6 and 9 are sufficiently
representative of other wavenumbers likely to be
present with significant amplitude. However, following
the approach adopted in the preceding paragraph, if it
is assumed that the structure of wavenumber 6 is
representative at upper levels it is evident that the
eddy kinetic energy is weaker relative to eddy fluxes
than is the case for observed transient eddy statistics.
This may well be in part due to the specific nature of
the present experiments in which much of the distur-
bance energy is quickly transferred to the mean state
rather than, for example, to a lower wavenumber, as
indicated subsequently in the context of an experiment
with wavenumber 3 initial conditions. In addition, a
discrepancy may also arise because of a significant
contribution to the eddy wvelocity statistics from
transients other than unstable baroclinic waves, as
has been argued by Green (1970).

It should also be noted that although for wavenumber
6 the structure and ratio of poleward momentum and
heat fluxes appear to be in reasonable agreement with
observation, the net conversion from eddy to zonal
kinetic energy is about two-thirds that from zonal
to eddy available potential energy, and thus is relatvely
larger than is generally the case in estimates based
on atmospheric observations (e.g., Newell e al.,
1974). This is not necessarily inconsistent as the main
contribution to the barotropic conversion is obtained
from the product of two terms, one of which (the
poleward eddy momentum flux) is a maximum close
to a zero of the other (the meridional gradient of the
zonal-mean zonal velocity), and results may thus be
sensitive to small differences in the position of the
flux maximum relative to the jet maximum. The
discrepancy nevertheless raises again a question as to
the generality of our results, a subject returned to
briefly in our concluding paragraph.

An example of the patterns of averaged vertical
eddy heat and momentum fluxes and the mean merid-
ional circulation is given for wavenumber 6 in Fig. 10.
A feature of linear baroclinic instability theory is a
good correlation between poleward and upward motion,
and here such a correlation remains over the whole
life cycle. Thus directions and magnitudes of vertical
fluxes follow closely those of the horizontal fluxes.
The upward heat flux has a broad mid-tropospheric
maximum indicating significant contributions to zonal-
mean changes only near the ground and in the upper
troposphere. In these regions magnitudes reach values
in excess of half the maximum value of the convergence
of the horizontal flux. The vertical flux of westerly
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momentum is also predominantly upward, with an
upper tropospheric maximum. Its convergence near
the tropopause amounts to at most about one-fifth
of the maximum convergence of the horizontal flux.
The mean meridional circulation differs from that
induced by the normal mode in that there is an increase
in the relative strength of the cell equatorward of the
jet maximum, and a reduction in the polar cell. In the
quasi-geostrophic approximation the mean circulation
is determined by eddy heat and momentum fluxes
and acts to maintain thermal-wind balance. The change
noted here is consistent with the enhanced upper-level
poleward momentum flux discussed previously.

7. Zonal-mean changes

The eddy fluxes of heat and momentum are of
interest from the viewpoint of the comparison with
general circulation statistics, and for their implications
for the parameterizations required by zonally symmetric
climate models. However, because of the important
role of the mean meridional circulation they do not by
themselves allow a direct deduction of net changes to
the zonal-mean state. Some indications of these changes
have been given in conjunction with the synoptic
illustrations given in Section 4, and here we consider
some further detail, principally for wavenumber 6
initial conditions.

The different regimes of baroclinic growth and
barotropic decay are clearly illustrated in Fig. 11,
which shows the strength of the maximum upper level
zonal-mean flow as a function of time for the 45° jet.
A feature of normal-mode solutions is a relatively
small induced upper level change to the zonally av-
eraged state, and this result appears from Fig. 11
to continue to hold up to about the time of maximum
disturbance energy, day 9, although by this time some
change in shape of the upper level jet has occurred,
the maximum being located some 3° nearer the pole.
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F1G. 11. Variation with time of the maximum zonal-mean velocity
in the case of the wavenumber 6 disturbance to the 45° jet.
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TasLE 2. The difference in zonal-mean temperature between
latitudes 43.3° and 54.4° at days 0, 9 and 14, and the change
from day O to day 14, for the case of the wavenumber 6 disturbance
to the 45° jet. Values are plotted at pressure levels corresponding
to the o-levels used in the model. The actual o-levels are obtained
by division by 1000 mb. The figures in parentheses in the final
column show, for comparison, the change from day 0 to day 15
in an experiment with surface friction. This is discussed in Section
10.

P Temperature difference (°C) Change
(mb) Day0 Day9 Dayl4 (Day 14—Day 0)

27 0 —-1.9 —2.3 —-2.3 (-0.2)

87 —13.8 —11.5 —15.8 —2.0 (—2.6)
157 —8.0 —-7.9 —11.6 —3.6 (—2.6)
236 6.2 3.8 3.6 —2.6 (—1.1)
321 12.6 9.1 11.8 ~08  (L0)
410 12.9 8.9 12.4 —05  (1.4)
500 12.7 8.0 11.5 —-12  (1.2)
590 12.5 6.7 9.8 —2.7  (0.7)
676 124 5.3 7.9 —4.5  (0.0)
757 12.3 3.8 6.0 —6.3 (—0.8)
831 12.0 2.0 3.7 —83 (=22)
895 12.0 0.2 1.5 —10.5 (—4.7)
947 12.0 —13 —0.5 —12.5 (-8.1)
985 11.9 —2.2 —1.5 —134 (—114)

Rapid production of a stronger jet of smaller meridional
extent takes place over the next three days as the wave
decays, and this is followed by a slow decrease in the
strength of the jet. During the latter there is a weak
transfer of zonal to eddy kinetic energy, and the
internal dissipation of zonal kinetic energy is of the
same order. A stability analysis at day 14 shows the
sharper jet formed during the decay of the disturbance
to be barotropically unstable, but no significant
subsequent growth of eddy energy occurs.

Qualitatively similar results are found at upper
levels for other flows, the extent of the strengthening
of the jet being dependent on the amplitude reached by
the growing disturbance. As mentioned in Section 4
there is a general tendency for an easterly-westerly-
easterly distribution of surface zonal-mean flow to be
maintained throughout the life cycle, although its
meridional scale increases from that illustrated by
Simmons and Hoskins (1977a) for the linear mode.
It is not surprising that the magnitude of the surface
change is one of the few aspects of our results partic-
ularly sensitive to the inclusion of surface friction, as
is discussed later.

Overall temperature changes for the 45° jet have been
illustrated at three model levels in Fig. 3. Further
detail is given in Table 2 which shows the temperature
differences across 11° of latitude at the center of the
initial baroclinic zone for each model level and days
0, 9 and 14. Considering first tropospheric levels we
note a general reduction in the temperature gradient
over the growth stage of the disturbance, the reduction
being largest at the surface, as indicated by linear
theory. Subsequently, the gradient is replaced in the
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Fi6. 12. Streamfunction after (a) 12 h and (b) 1 day from
an integration of the barotropic vorticity equation which used
as initial conditions the field at day 10 shown in Fig. 2.

decay stage by an amount which is insignificant near
the surface, but sufficient above 500 mb to almost
completely cancel the reduction that occurred during
growth. The latter change occurs as the upper level
jet strengthens, and is consistent with the maintenance
of thermal-wind balance by the mean meridional
circulation. The latter is determined at this time
principally by the eddy momentum flux.

Because of limited stratospheric resolution quantita-
tive significance should not be attached to the tempera-

« ture changes at the uppermost levels. Here most change
occurs during the decay stage with the reversed
temperature gradient being enhanced above  the
strengthened westerly jet, again in keeping with
thermal-wind balance. A similar result is found in an
integration with higher stratospheric resolution, but
the increase in gradient is about 509, larger close to
150 mb and smaller above about 100 mb. As illustrated
in Fig. 3 the temperature gradient is weakened nearer
the equator, this being associated with a weakening of
the zonal-mean flow in this region as the jet is strength—
ened nearer the pole.

As has already been noted upper level amplitudes of
the wavenumber 9 disturbances are substantially
smaller than those of wavenumber 6, and give rise to
insignificant zonal-mean changes at such levels. Surface
changes are qualitatively similar to those found for
wavenumber 6.
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8. Some barotropic integrations

The energy conversions shown in Fig. 5 and the
sequence presented in Fig. 2 illustrating the upper
level decay of wave amplitude suggest the dominance
of barotropic processes following the occlusion of the
disturbance. To investigate this further a series of
integrations of the barotropic vorticity equation has
been performed. In these we examine the subsequent
behavior of a large-amplitude disturbance superimposed
on a zonal flow. Examples of such an approach are to be
found in the work of Platzman (1952) and Kuo (1953).
In the following section we present a quasi-geostrophic
analysis which clarifies the relationship between these -
barotropic results and those obtained usmg the primi-
tive equations.

The first set of barotropic integrations used as
initial conditions vorticity fields at an upper tropo-
spheric level (¢=0.321) from the full primitive equa-
tion model at times close to those of maximum eddy
energy. For the wavenumber 6 disturbance to the
45° jet the actual time chosen was day 10, and the
resulting streamfunctions after 12 h and 1 day of
integration are shown in Fig. 12. Comparison with
Fig. 2 reveals a close similarity between these barotropic
solutions and the baroclinic solutions at days 11 and 12.
Evidently the essential features of the decay are
reproduced by the barotropic vorticity equation,
although the time scale of the motion is about half
that given by the primitive equations. This is consistent
with Fig. 5, which shows some continued baroclinic
conversion from eddy available potential energy to
eddy kinetic energy and from zonal kinetic energy to
zonal available potential energy during the decay
stage. Similar results are found for the other wave-
number 6 disturbances.

A disadvantage of the above experiments is that
considerable change in the upper-level structure had
occurred in the baroclinic integrations by the day
chosen to begin the barotropic simulations, the momen-
tum flux already being predominantly poleward for
the wavenumber 6 examples. A second set of barotropic
integrations was thus performed using the same initial
flow as that at ¢=0.321 in the baroclinic experiments
except that the amplitude of the normal mode perturba-
tion was increased so as to be similar to the largest value
reached in the full nonlinear integration. For wave-
number 6 these experiments were characterized not
only by'an initial decay of wave amplitude as implied
by the energetics of the normal mode, but also by rapid
changes in phase tilt in the sense observed more
gradually during the finite-amplitude growth and
decay stages of the baroclinic disturbances.

Some results for the 45° jet are shown in Fig. 13 in
which is plotted the initial phase of the wavenumber 6
component of the streamfunction as a function of
latitude, and the phase after 12 h of integration for three
experiments. Curve A is that obtained from a nonlinear
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Fi16. 13. Variation with latitude of the initial phase of zonal wavenumber 6 (dotted
curve), and the phase after 12 h of barotropic integration for three cases specified

in the text.

solution of the barotropic vorticity equation with
triangular truncation at total wavenumber 42. It in-
dicates an increase of the preexisting phase tilt equa-
torward of 42° latitude, and a slight decrease between
42° and 52°. In the initial mode the phase tilt is reversed
poleward of 52°, but changes in this region are such
that this reversal disappears within 12 h of integration
to give a momentum flux that is everywhere poleward.
The corresponding linear solution, curve B, shows a
similar overall movement of the disturbance but no
net reduction of the reversed phase tilt.

Further experiments have been performed. For
brevity we summarize our results by noting that
phase changes at each particular latitude are determined
largely by the local zonal-mean flow and latitudinal
gradient of absolute vorticity. In a barotropic normal
mode, advection by the local mean flow and propagation
due to the local vorticity gradient produce the same
movement at different latitudes as a consequence of a
particular meridional structure of the mode which
depends on the mean flow at other latitudes. Here the
initial structure is not a normal mode for the barotropic
equation, and the marked latitudinal variations in
phase speed are much as suggested by latitudinal
variations in the mean flow and length scale of the
initial wave. An essentially similar behavior was
recognized synoptically by Namias and Clapp (1944).
In the nonlinear integration (curve A) sharpening of
the westerly jet enhances the poleward vorticity
gradient in middle latitudes, but reduces it to north and
south, giving a strong reversal of gradient near 60°.
Differences between curves A and B are consistent with
the expected resulting change in phase movement.
Confirmation that it is the change in mean-flow

vorticity gradient that is important for the removal
of the reversed phase tilt is provided by the different
form of curve C, which was obtained from a nonlinear
integration in which changes in this mean gradient
were artifically suppressed.

For the wavenumber 9 disturbance to the 45° jet,
barotropic integrations successfully reproduced the
decay of wave amplitude, but this decay was accom-
panied by an increase in the strength of the poleward
component of the momentum flux relative to the
equatorward component, the opposite change to that
which occurs gradually over the course of the baroclinic
integration. The difference is insignificant, however,
since the absolute amplitudes of the poleward compo-
nents remain of the order of 1-2 m? s or less.

9. Quasi-barotropic motion in a baroclinic fluid

In the preceding section it was shown that the
barotropic vorticity equation can give an accurate
simulation of the decay stage at upper levels for
wavenumber 6 but on a time scale about half that found
in the full baroclinic model. We now show how such a
result follows from the quasi-geostrophic system of
equations upon introducing two further approximations.

Following for simplicity of presentation the formula-
tion given by Hoskins et al. (1978) for an f-plane, the
vorticity and temperature equations in the quasi-
geostrophic system may be written

i} dw
[ty -, 0.1
ot 0z
gro
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