
ESE 101 Problem Set 3 Answer Key

1. Muckhouse climate.

(a) Consider putting aerosols into the stratosphere that scatter 80% of the sunlight at the
top of the atmosphere. An additional 10% of the shortwave radiation is absorbed in the
atmosphere, and then of the 10% remaining that reaches the surface, 12% is reflected
away (surface albedo is 0.12).

We want to calculate how these scattering aerosols influence the emissions temperature.
Then, given a fixed lapse rate in the tropopause that is set by convection, we can calculate
the surface temperature. Assuming this lapse rate (Γ = −6.5 K/km) doesn’t change with
the addition of aerosols, the change in emissions temperature will be equal to the change
in surface temperatures between the current climate and the “muckhouse” climate.

The TOA energy budget in the atmosphere is:
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In the current climate, α = 0.3, so Te = 254.6 K. In the “muckhouse” climate, the
effective albedo is modified by the aerosols: α′ = 0.8 + 0.1 · 0.12 = 0.812. Therefore, the
new effective temperature is T ′e = 183.3 K.

The surface temperature difference is

∆Ts = ∆Te = T ′e − Te = 183.3− 254.6 = −71.3 K

It makes sense that adding scattering aerosols to the atmosphere will significantly cool
the surface temperature. And this has been observed with every major volcanic eruption.

(b) Water vapor is a greenhouse gas, meaning that it absorbs strongly in the infrared, raises
the effective emissions level, and increases the surface temperature. As the climate is
cooled, the air holds less water vapor. Less water vapor means a weaker greenhouse effect,
which cools the climate further. This positive feedback would increase the temperature
change calculated in part a).

(c) If the aerosols were absorbing most of the sunlight rather than scattering it, this wouldn’t
change the energy flux to the surface – because the sum of transmitted, reflected, and
absorbed radiation is fixed: t + r + a = 1. But, by absorbing more of the energy
rather than scattering it back to space, the upper atmosphere is going to warm. This
will feed back and warm the surface some because the atmosphere is emitting longwave
radiation towards the surface. But, the atmosphere is going to warm more from this
direct absorption than the surface will warm from this indirect absorption of re-emission.
Therefore, the temperature will decrease less rapidly with height, aka the lapse rate will
decrease.
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2. Radar Scattering.

(a) The frequency of weather radar is ν = 3 GHz. This corresponds to a wavelength of

λ =
c

ν
=

3× 108 m/s

3× 109 s−1
= 0.1 m = 100 mm

(b) If it takes a radar pulse a time ∆t to travel to the scatterer and back again the scatterer
must be a distance d away.

d =
c∆t

2

(c) The Rayleigh scattering approximation is valid for the case where x � 1. For the case
of a rain droplet with diameter D = 6 mm:

x =
2πr

λ
=
πD

λ
=

6π

100
≈ 0.188� 1

(d) The backscattered power of a radar pulse is P ∝ η
d2

where the backscatter cross-section
is η = 1

V

∑
i σb,i. In the Rayleigh regime, the backscatter cross-section is proportional

to the Rayleigh cross-section: σb ∝ σR.

i. There is a factor of 1/d2 in the backscattered power for the same reason discussed
when talking about the energy radiated from the Sun to the Earth. If the energy
flux integrated over a sphere is constant, then as the distance increases, the flux per
unit area decreases like the surface area of the sphere: 4πd2.

ii. The Rayleigh cross-section is proportional radius to the 6th and lambda to the -4th:
σR ∝ D6

λ4
. Assuming that the rain droplets have a size distribution given by n(D),

which is the number concentration of droplets per unit volume with a diameter of
D, then the average backscatter cross-section is

η =
1

V

∑
i

σb,i =

∫ ∞
0

n(D)σ(D)dD ∝ 1

λ4

∫ ∞
0

n(D)D6dD ≡ Z

λ4

Therefore, the power is

P ∝ Z

d2λ4

iii. The number concentration density distribution is a delta function peaked at D0 = 1
mm with N = 15,000.

n(D) = Nδ(D −D0)

The radar reflectivity is,

Z =

∫ ∞
0

n(D)D6dD = N

∫ ∞
0

δ(D −D0)D
6dD = ND6

0

= 15, 000 mm6/m−3 = 1.5× 10−14

To get the same radar reflectivity for droplets with D = 5 mm, you would need
many fewer.

Z ′ = N ′D′60 → N ′ =
Z

D′60
= 0.96 m−3
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(e) We know from experience that larger rainfall rates tend to be associated with larger
droplets. So, while there is no unique relationship between the radar reflectivity Z and
the rainfall rate R, on average there is a strong positive correlation between the two.

Based on field measurements, the radar reflectivity is well approximated as Z = aRb

where the parameters range between a ∈ [200, 600] and b ∈ [1.5, 2]. The most common
assumption for the parameters is a = 200 and b = 1.6. The relationship

Z = 200 ·R1.6

is known as the Marshall-Palmer Z − R relationship because it can be derived from
assuming a Marshall-Palmer distribution of rain droplets:

n(D) = N0 exp(−ΛD),Λ = aRb
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