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T���� 3.1: Earth’s orbital parameters (January 1, 2000, 11:59 UTC)6

Semi-major axis ds 1.000 au
Eccentricity e 0.017
Obliquity � 23.44�

Longitude of perihelion $ 282.95�

Mean anomaly M0 357.5�

Anomalistic year Ya 365.26 d
Tropical year Yt 365.24 d

for the orbital angular velocity. This equation shows explicitly that the rate of
change of the true anomaly Ȧ depends nonlinearly on the true anomaly A itself.
Because of this nonlinearity, a closed-form solution for the true anomaly is not
known, despite centuries of attempting to find one. However, the nonlinearity
is only of order eccentricity, which is small for most planetary orbits, including
Earth’s. Therefore, approximate solutions can be developed by expanding in
power series in eccentricity.

3.2.2 Mean Anomaly

A first approximation of the true anomaly follows by integrating the equation
(3.4) for zero eccentricity, imposing the condition that A ⇤ 0� at perihelion. The
resulting zeroth-order approximation A0 ⇤ M is called the mean anomaly

M ⇤
2⇡(t � tp )

Ya

. (3.5)

The mean anomaly M increases linearly with time t since perihelion, which
occurs at time tp . It is periodic with each revolution of Earth around the Sun
and gives the angular distance that Earth would have moved from perihelion if
it orbited the Sun along a circle (e ⇤ 0) with constant speed and with its actual
orbital period Ya .

As an alternative to measuring time relative to the time of perihelion tp , time
is also often measured relative to a reference time t0, which need not coincide
with perihelion. In that case, the mean anomaly is given by

M ⇤
2⇡(t � t0)

Ya

+ M0 , (3.6)

where M0 ⇤ 2⇡(t0 � tp )/Ya is the mean anomaly at t0, chosen so that M ⇤ 0� at
perihelion. For example, the time t0 may define an astronomical epoch, epoch
being the astronomical term for a reference moment. The time 11:59 UTC on
January 1, 2000 defines the astronomical epoch called J2000 (for Julian year
2000).7 At this epoch, the mean anomaly was M0 ⇤ 357.5� (Table 3.1), meaning
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F����� 3.3: Solar radiative energy flux S at the top of the atmosphere as a function of
time of year. The ±3.5% variations between its maximum at perihelion (around January
3) and its minimum at aphelion (around July 4) are clearly evident. The dotted line
shows the total solar irradiance S0 ⇤ 1362 W m�2.

The solar radiative energy flux at the top of the atmosphere varies by
±2e ⇡ ±3.5% between perihelion and aphelion. Therefore, with perihelion
currently occurring during southern hemisphere summer, the peak solar radia-
tive energy flux is about 7% higher in the southern hemisphere summer than in
the northern (Fig. 3.3). But southern hemisphere summer is also 4.5 d shorter
than northern hemisphere summer because the orbital angular velocity Ȧ is
greater at perihelion. What is the net result of these competing effects on the
total solar energy incident on Earth in either summer season?

Both the orbital angular velocity (3.2) and the solar radiative energy flux
(3.12) at the top of the atmosphere happen to vary with the Earth-Sun distance
in the same way, like d

�2. Their competing effects on the total solar energy
incident on Earth, for example, integrated over a season, exactly balance each
other. To see this, consider the solar radiative energy flux integrated between
the times t1 ⇤ t(�s ,1) and t2 ⇤ t(�s ,2), which may mark the beginning and end
of a season at solar longitudes �s ,1 and �s ,2:

Z
t2

t1

S dt ⇤

Z �s ,2

�s ,1

S

 
dLs

dt

!�1
dLs .

Neglecting the very small rate of change of the longitude of perihelion $ (one
revolution per 21 ky) compared with that of the true anomaly A (one revolution
per 1 y), we can set dLs/dt ⇤ Ȧ+d$/dt ⇡ Ȧ and use Kepler’s second law (3.2) to
substitute Ȧ ⇤ he/d2. Therefore, the factors of d

2 from the solar radiative energy
flux S / d

�2 and from the angular velocity dLs/dt / d
�2 exactly cancel each

other in the integrand. The integrand contains only constants of motion such as
the orbital angular momentum per unit mass he , and the total solar irradiance
S0, whose variation over seasons is so small that it can be ignored (e.g., the
sunspot cycle leads to S0 variations of only ±0.06% over its 11-year period).

Solar energy flux at TOA
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(1/21 ky ⇡ 35 min) shorter than an anomalistic year, the time from perihelion
to perihelion (Table 3.1). The mean anomaly Mv at vernal equinox correspond-
ingly retreats slowly, likewise completing one revolution over around 21 ky.

The mean anomaly Mv at vernal equinox can be calculated from the longi-
tude of perihelion $ through an inversion of the relation (3.8) between the true
anomaly and the mean anomaly. To third order in eccentricity, this gives11

Mv ⇤ �$ +

 
e +

e
3

4

!
(1 + �) sin$ � 1

2 e
2
✓1
2 + �

◆
sin 2$

+
1
4 e

3
✓1
3 + �

◆
sin 3$ + O(e

4), (3.11)

where � ⇤ (1 � e
2)1/2. For example, for Earth’s longitude of perihelion $ ⇡

282.95� and eccentricity e ⇤ 0.017 in the year 2000 (Table 3.1), this gives a
mean anomaly at vernal equinox of Mv ⇤ �284.8�, or, by periodicity, Mv ⇤

75.2�. It implies perihelion (January 3, 2000 and January 4, 2001) occurred
Yt ⇥Mv/360� ⇡ 289 d after, or 76 d before, vernal equinox (March 21, 2000).12

With the relations (3.1)–(3.11), we have the tools to calculate the Earth-Sun
distance d(t) at any time t, given orbital parameters such as the longitude of
perihelion. And from the distance d(t), we can obtain the solar radiative energy
flux at the top of the atmosphere.

3.3 SOLAR RADIATIVE ENERGY FLUX

The solar radiative energy flux at the top of the atmosphere is given by

S ⇤ S0

 
d0
d

!2
, (3.12)

where the Earth-Sun distance d enters through the inverse square law (2.1),
and the total solar irradiance S0 / L� varies with the solar luminosity L�

according to its definition (2.2). Figure 3.3 shows the solar radiative energy
flux at the top of the atmosphere, obtained using a fixed total solar irradiance
S0 ⇤ 1362 W m�2 and using the preceding series expansions to third order in
eccentricity to calculate the Earth-Sun distance with the orbital parameters in
Table 3.1. It is manifest that the solar radiative energy flux varies sinusoidally
between its maximum at perihelion and its minimum at aphelion. Indeed,
because Earth’s eccentricity is small, the variations are dominated by the first-
order term in eccentricity,

S ⇡ S0(1 + 2e cos M) + O(e
2), (3.13)

which follows from the approximation (3.7) for the Earth-Sun distance through
binomial expansion of d

�2. The relative error of this first-order approximation
for the solar radiative energy flux is O(10�3), implying an absolute error of
order 1 W m�2.
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F����� 3.5: The declination angle � is the latitude of the subsolar point, where the Sun
is in zenith. For an obliquity �, the declination angle varies between � ⇤ +� at northern
summer solstice and � ⇤ �� at northern winter solstice. The declination angle � is zero
at the equinoxes.

point. That is, it gives the latitude at which a straight line from the
Sun to Earth’s center intersects Earth’s surface (Fig. 3.5). The declina-
tion angle varies with season. Its annual extremes determine where the
Tropic of Cancer (23.4�N) and Tropic of Capricorn (23.4�S) are located:
the extremes are equal to the obliquity � of Earth’s spin axis, which is
the angle between the spin axis and the normal to the orbital plane; cur-
rently, Earth’s obliquity is � ⇤ 23.4�. The declination angle varies between
� ⇤ +� at northern summer solstice (solar longitude Ls ⇤ 90�), � ⇤ 0� at
the equinoxes (Ls ⇤ 0� and 180�), and � ⇤ �� at northern winter solstice
(Ls ⇤ 270�); see Fig. 3.1. Generally, the declination angle satisfies

sin � ⇤ sin � sin Ls . (3.16)

This expression arises because the declination angle � is related to the dot
product ⌦̂ · d̂ ⇤ cos(90� � �) ⇤ sin � of a unit vector ⌦̂ in the direction
of Earth’s spin axis and a unit vector d̂ from Earth’s center to the Sun
(Fig. 3.5). In an orthnormal coordinate system whose x axis points from
Earth’s position at vernal equinox toward the Sun and whose z axis is
normal to the orbital plane, the unit vector in the direction of Earth’s spin
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F����� 3.6: The hour angle ⌘ is the longitude difference between the subsolar point and
the location of interest. It is an angular measure of local solar time: it is zero at solar
noon and completes one revolution per solar day. [light shading for angle as in
declination figure]

axis is ⌦̂ ⇤ (0, sin �, cos �), and the unit vector from Earth’s center to the
Sun is d̂ ⇤ (cos Ls , sin Ls , 0); the expression (3.16) follows by taking the
dot product of the two.

Hour angle. The hour angle ⌘ is the longitude difference between the subsolar
point and the location of interest (Fig. 3.6). The hour angle measures local
solar time (hence the name). It increases from ⌘ ⇤ 0 at solar noon and
completes one revolution per solar day,

⌘ ⇤
2⇡
Td

(t � ts ), (3.17)

where t � ts is the time that has passed since local solar noon at time ts .
The length of a solar day13 is the time from solar noon to solar noon on
successive days: Td ⇡ 86400 s ⇤ 1 d.

In terms of the declination angle �, hour angle ⌘, and latitude �, the solar

d

Direction of
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• Insolation at the top of the atmosphere:

• Hour angle at sunset/sunrise

• Period of daylight:

• Diurnally averaged insolation 
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Hence, the integration can easily be carried out. If we use the expression
(3.3) for the orbital angular momentum per unit mass he in terms of orbital
parameters and equate ds ⇤ d0, we obtain for the total solar energy incident
between �s ,1 and �s ,2

Z
t2

t1

S dt ⇤
S0

(1 � e2)1/2
�s ,2 � �s ,1

2⇡ ⇥ Ya . (3.14)

Thus, because each astronomical season spans the same angular distance in
solar longitude (�s ,2 � �s ,1 ⇤ 90�), the total solar energy incident at the top of
Earth’s atmosphere is the same integrated over each season. It only depends
on the total solar irradiance, orbital eccentricity, and length of year. But it
does not depend on when perihelion occurs (up to ignoring the small error, of
order O(10�4), resulting from neglecting the rate of change of the longitude of
perihelion relative to the orbital angular velocity). This important result arises
because of a cosmic coincidence: the same factor d

2 appears both in the inverse
square law for the dependence of the solar radiative energy flux on distance
from the Sun (conservation of energy along solar beams), and in the moment of
inertia of Earth’s rotation around the Sun (conservation of angular momentum
along Earth’s orbit).

3.4 INSOLATION

The variation of the solar radiative energy flux at the top of the atmosphere by
a few percent over the course of the year is important, especially for long-term
climate changes. However, what dominates the diurnal and annual cycles of
the insolation incident on a plane tangential to the top of the atmosphere is
not the relatively weak annual variation of the Earth-Sun distance. It is the
large variation of the incidence angle of the solar beam on the tangential plane,
or the elevation of the Sun in the sky. The solar elevation angle ✓0 measures
the elevation of the Sun above the horizon. Its complement, the solar zenith
angle ✓ ⇤ 90� � ✓0, is the angle the solar beam makes with the direction of
normal incidence at the top of the atmosphere (Fig. 3.4). The zenith angle or
elevation angle control over how large an area on the tangential plane at the top
of the atmosphere a unit cross-sectional area of the solar beam is distributed.
The radiative power that passes through a unit cross-sectional area of the solar
beam is distributed over an area that is a factor cos�1 ✓ greater in the tangential
plane, so that the power per unit area incident on the tangential plane is reduced
by a factor cos ✓. Thus, the insolation at the top of the atmosphere takes the
form

F ⇤ S cos ✓. (3.15)

At sunrise and sunset, the elevation angle is ✓0 ⇤ 0�, the zenith angle is ✓ ⇤ 90�,
and cos ✓ ⇤ 0 (up to refraction of the solar beam in the atmosphere, which leads
to sunrise and sunset only approximately corresponding to a solar elevation
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zenith angle ✓ satisfies

cos ✓ ⇤ sin� sin � + cos� cos � cos ⌘. (3.18)

This expression for the zenith angle takes the solar beam incident anywhere
on Earth to be parallel to the straight line from the Sun to Earth’s center—
an adequate approximation because Earth’s radius is negligible relative to the
Earth-Sun distance. The expression (3.18) can be derived from the relation
between the zenith angle ✓ and the dot product n̂ · d̂ ⇤ cos ✓ of a unit vector
n̂ normal to Earth’s surface and a unit vector d̂ from Earth’s center to the Sun
(Fig. 3.5). In a rotating orthonormal coordinate system whose x axis lies in the
equatorial plane and points from Earth’s center to the subsolar meridian and
whose z axis points in the direction of Earth’s spin axis, the normal unit vector
is n̂ ⇤ (cos� cos ⌘, cos� sin ⌘, sin�), and the unit vector from Earth’s center to
the Sun is d̂ ⇤ (cos �, 0, sin �); the expression (3.18) follows by taking the dot
product of the two.

The relations (3.16)–(3.18) for the declination angle, hour angle, and zenith
angle make clear, for example, that for a planet with obliquity � ⇤ 0�, the
declination angle � would be zero irrespective of the time of year (Ls). The
zenith angle ✓ would vary only with latitude � and with the hour angle ⌘. On
such a planet, insolation would vary with latitude and time of day, but it would
vary with time of year only to the extent that the distance to the Sun varies. That
is, annual insolation variations would be only of order eccentricity e; seasonality
would be weak. Conversely, for a planet with obliquity � ⇤ 90�, the declination
angle would be equal to the solar longitude, � ⇤ Ls . On such a planet, even
the equator (� ⇤ 0�) would experience extreme annual insolation variations:
the zenith angle on the equator at local solar noon (⌘ ⇤ 0�) would vary with
the solar longitude, ✓ ⇤ Ls , so that it goes from 0� (Sun directly overhead) at
the equinoxes to ±90� (Sun at horizon) at the solstices. Uranus orbits the Sun
lying on its side and has an obliquity � ⇤ 98� that is close to this limiting case
of extreme annual insolation variations. Earth with its intermediate obliquity
has intermediate annual insolation variations.

3.4.2 Daily and Annual Insolation

Because the zenith angle at sunrise and sunset is ✓ ⇤ 90� so that cos ✓ ⇤ 0, the
relation (3.18) can be solved for the hour angle ⌘ ⇤ ⌘d at sunrise and sunset,
leading to

cos ⌘d ⇤ � tan� tan �. (3.19)
On any latitude circle, the sunrise/sunset hour angle ⌘d is the difference be-
tween the longitude of solar noon and the longitudes of the solar terminator,
where sunrise and sunset are in progress. Because of the relation (3.17) be-
tween the hour angle and the time of day, the hour angle ⌘d corresponds to half
the period of daylight: The full period of daylight is Td⌘d/⇡. At the equator
(tan� ⇤ 0), we have ⌘d ⇤ 90� at all declination angles �, so the period of daylight
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Given the orbital parameters (Table 3.1), the diurnally averaged insolation
at any time t can be computed as follows:

1. Calculate the mean anomaly at vernal equinox Mv given the longi-
tude of perihelion $ and eccentricity e (Eq. 3.11)

2. Calculate the mean anomaly M(t) at time t (Eq. 3.10)

3. Calculate the true anomaly A(t) given the mean anomaly M(t) (Eq.
3.8)

4. Calculate the Earth-Sun distance d(t) given the true anomaly A(t)
(Eq. 3.1)

5. Get the solar longitude Ls (t) ⇤ A(t) + $

6. Calculate the declination angle �(t) given the obliquity � and solar
longitude Ls (t) (Eq. 3.16)

7. Calculate the sunrise/sunset hour angle ⌘d (t), setting ⌘d ⇤ 0 in polar
night and ⌘d ⇤ ⇡ in polar day (Eq. 3.19)

8. Calculate the diurnally averaged cosine of the zenith angle cos ✓ (Eq.
3.20)

9. The diurnally averaged insolation at the top of the atmosphere then
is

F ⇤ S0

 
d0
d

!2
cos ✓.

Insolation Calculation

solstice (December) is stronger than around northern summer solstice (June),
because perihelion currently occurs close to southern summer solstice. In the
annual mean, insolation at the top of the atmosphere decreases monotonically
and symmetrically away from the equator (Fig. 3.7, right panel). At the equator,
annual-mean insolation is about twice as strong as at the poles.

3.5 MILANKOVITCH CYCLES

To determine the insolation incident at the top of Earth’s atmosphere, it is an
excellent approximation to treat Earth and Sun as two spherical masses that in-
teract gravitationally, undisturbed by other planetary bodies. However, Earth’s
shape deviates from being spherical (the Sun’s less so), and other planetary
bodies interact with Earth gravitationally, albeit much more weakly than the
Sun. This leads to small perturbations in Earth’s orbit that, integrated over
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Figure 3.9: Change in top-of-atmosphere insolation relative to today (cf. Fig. 3.7)
when (a) the longitude of perihelion turns 180�, so that perihelion occurs on
July 3 instead of January 3, and (b) when obliquity is increased from � ⇤ 23.4�
to 24.5�.

present value � ⇤ 23.4� to the maximum value � ⇤ 24.5 it attained over the
past several million years, the seasonality is strenghtened in both hemispheres
(Fig. 3.9b). In middle and high latitudes of both hemispheres, summers are
brighter and hence usually warmer, and winters (outside polar night) are dim-
mer and hence usually colder. Thus, the summer-winter insolation contrast is
enhanced, as is the annual-mean insolation. Because low-latitude changes are
weaker, the equator-to-pole insolation contrast in summer is weakened, with
smaller changes in the equator-to-pole insolation contrast in winter because
there are no changes in polar night.

Unlike the precession-induced seasonality changes, the seasonality changes
owing to obliquity variations are symmetric between the hemispheres. There-
fore, they can be expected to drive hemispherically symmetric climate changes.
However, while obliquity variations affect how insolation is distributed across
latitudes, they do not affect how much insolation Earth as a whole receives.
That only depends on the Earth-Sun distance, which is unaffected by obliquity
variations or precession.

As obliquity increases for a planet on a low-eccentricity orbit, such as Earth’s,
annual-mean insolation at the poles increases relative to that at the equator.
Once the obliquity is greater than the critical value |� | ⇡ 54�, annual-mean
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Figure 3.12: Change in top-of-atmosphere insolation at the Holocene Thermal
Maximum 8 kyr B.P. relative to today (Fig. 3.7). At 8 kyr B.P., the longitude
of perihelion was $ ⇤ 146.8�, so perihelion occurred on August 17. Both the
obliquity (� ⇤ 24.2�) and the eccentricity (e ⇤ 0.0197) were slightly higher than
today.

Eccentricity variations also modulate the solar radiative energy flux integrated
between any two fixed solar longitudes, for example, averaged over any sea-
son or over a year. Eccentricity modulates the averaged solar radiative energy
flux (3.14) by a factor (1 � e

2)�1/2 ⇡ 1 + e
2/2 + O(e4). For orbital eccentric-

ity values between 0 and 0.06, this gives modulations only of order 10�3 and
hence is small. The main climatic effect of eccentricity variations is thought
to be through their modulation of precession: precession effects on insolation
increase with eccentricity.

3.5.4 Historical Insolation Variations

Insolation variations over Earth’s history are a superposition of the effects of
precession, obliquity variations, and eccentricity variations. Given the ob-
served state of the solar system now, variations of the orbital parameters can
be calculated backward and forward in time. Because the solar system exhibits
chaotic behavior—that is, sensitive dependence of the time evolution on ini-
tial conditions—the precision of the calculations deteriorates at long prediction
horizons. Currently, the horizon to which orbital parameters can be calculated
into the past or future is about 50 Myr. It is principally limited by uncertainties
in measurements, for example, of the small oblateness of the Sun.18 This means
that associating climate changes deeper in the geological past with changes in
orbital parameters is currently impossible. But it is possible to associate climate
changes in the past several million years with changes in orbital parameters.

For example, during the Holocene Thermal Maximum around 8 kyr B.P.,
temperatures were ⇠0.2 K higher than at the beginning of the 20th century
(Fig. 1.5). Because of growing-season biases in what the proxies underlying the
temperature reconstruction record, this may primarily reflect summer tempera-
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