
ESE 101 Problem Set 4 Answer Key

1. Atmospheric heating rates.

(a) The rate of energy absorption per unit volume is maximal at the pressure level

pmax =
ps cos θ

Hkabsρas

as given in equation 3.23 in the Hartmann textbook. Here, ps = 105 Pa is the surface
pressure, θ = 0◦ is the zenith angle, H = RT/g is the atmospheric scale height, T = 260
K is the temperature of the assumed isothermal atmosphere, kabs = 5 m2/kg is the
absorption cross-section, ρas = Maρs is the density of absorbers at the surface, Ma = 1
g/kg is the mixing ratio of absorbers, and ρs = ps/RT is the density of air at the surface.
The pressure of maximal absorption simplifies to

pmax =
g cos θ

Makabs

Given the assumptions of an isothermal atmosphere in hydrostatic balance, the pressure
decreases exponentially with altitude as

p(z) = pse
−z/H

And so, the altitude of maximal absorption is

zmax = ln

(
pmax
ps

)
· −H =

RT

g
ln

(
psMakabs
g cos θ

)
For a zenith angle of θ = 0◦, cos θ = 1 and the altitude of maximal absorption is

zmax =
(287)(260)

(9.8)
ln

(
(10−3)(5)(105)

(9.8)(1)

)
= 29.9 km

(b) If the zenith angle is instead 45◦, then cos θ = 1√
2
. This will increase the altitude of

maximum absorption to zmax = 32.6 km.

(c) The heating rate is given in Hartmann equation 3.25 is

Q̇ =
∂T

∂t

∣∣∣∣
rad

=
kabsMa

cp cos θ
F∞e

−τ/ cos θ

where F∞ is the downwelling irradiance at the top of the atmosphere. If the fre-
quency/wavelength range that the absorption takes place over is only 5% of the solar
range, then

F∞ =
S0
4

× 0.05 =
1362 · 0.05

4
= 17.025 W/m2

For the original case of θ = 0◦, cos θ = 1, so the heating rate simplifies to

Q̇ =
kabsMaF∞

cp
e−τ = C0e

−τ = 7.32 K/day × e−τ

(i) In the derivation of maximal heating rate we note that the maximal absorption
occurs in the atmosphere where τ = cos θ = 1. Therefore, the heating rate at this
altitude is

Q̇(zmax) = Q̇(τ = 1) = C0 · e−1 = 2.69 K/day
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(ii) Reminder, the optical depth is defined as

τ(z) =
kabsMaps

g
e−z/H

For one scale height above the maximum, z = zmax +H, the optical depth is

τ =
kabsMaps

g
· e−zmax/H · e−H/H = τmax · e−1 = cos θ · e−1 = e−1

The heating rate is thus,

Q̇ = C0 · e−e
−1

= 7.32 K/day × 0.69 = 5.07 K/day

(iii) Similarly, for one scale height below the maximum, z = zmax −H, τ = e, and the
heating rate is

Q̇ = C0 · e−e = 7.32 K/day × 0.066 = 0.48 K/day

2. Stratocumulus Clouds.

a) The TOA flux is F = (1 − α)S0cos θ. When there are no clouds the albedo is α =
αO = 0.1. When there are clouds, the modified albedo is α′ = αC + (1 − αC)αO. The
stratocumulus clouds decrease the TOA flux by

∆F = αC(1 − αO)S0cos θ

This can be calculated and plotted with the insolation code from HW2 (attached at the
end of this document).

The annual average insolation at φ = 35◦N is 348 W/m2. The original annual average
insolation (including ocean albedo) is 313.2 W/m2 and with clouds it decreases to 187.9
W/m2.

b) The clouds being optically thick means their emissivity is ε = 1. The longwave radiation
emitted from a blackbody at 280 K is

F up = εσT 4
c = (5.67 × 10−8)(280)4 = 348.5 W/m2

c) Assuming that the atmosphere above the stratocumulus deck is cloud-free and dry means
that the longwave radiation reaching the stratocumulus is coming from much higher
altitude and much colder. If this layer has a temperature of 250 K then the longwave
radiation reaching down to the stratocumulus is

F down = σT 4
a = (5.67 × 10−8)(250)4 = 221.5 W/m2

The net radiation is Fnet = F up − F down = 127 W/m2 upward. This process cools the
cloud from the top. This makes the air at the top of the cloud negatively buoyant and
drives inverse convection down towards the surface.

d) As the concentration of greenhouse gases in the atmosphere increases the atmosphere
becomes optically thicker. This means that the altitude from which longwave radia-
tion is reaching the cloud-tops from above decreases. And therefore, the temperature
of the emissions level increases. This leads to more downwelling longwave radiation at
the cloud-tops, or smaller net outgoing longwave radiation. Less net longwave radia-
tion would weaken the turbulence and buoyancy-driven overturning convection in the
boundary layer. This ultimately may lead to the breakup of stratocumulus decks as
concentrations of CO2 continue to increase (e.g., Schneider et al., 2019).
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[83]: import numpy as np
import matplotlib.pyplot as plt
from matplotlib import gridspec
plt.style.use('ggplot')

[84]: def calc_point_insolation(t, phi, gamma, pi, e):
# convert inputs from degrees to radians
phi = phi * (2*np.pi/360.0)
gamma = gamma * (2*np.pi/360.0)
pi = pi * (2*np.pi/360.0)

# constants
Ya = 365.26 # days
t_VE = 76.0 # days since Jan 1
S_0 = 1362.0 # W/m^2

# step 1, calculate the mean anomaly at vernal equinox
beta = np.sqrt(1-e**2)
M_VE = -pi + (e + e**3/4.0)*(1 + beta)*np.sin(pi)

# step 2, calculate the mean anomaly
M = (2*np.pi*(t-t_VE))/(Ya) + M_VE

# step 3, calculate the true anomaly
A = M + (2*e - e**3/4.0)*np.sin(M)

# step 4, calculate the distance to the sun
d = (1-e**2)/(1+e*np.cos(A))

# step 5, calculate the solar longitude
L_s = A + pi

# step 6, calculate the declination angle
delta = np.arcsin(np.sin(gamma) * np.sin(L_s))

# step 7, calculate the sunrise/sunset angle
T = np.tan(phi) * np.tan(delta)
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if T >= 1:
eta_d = np.pi

elif T <= -1:
eta_d = 0.0

else:
eta_d = np.arccos(-1 * T)

# step 8, calculate the daily averaged cos(zenith angle)
c1 = eta_d*np.sin(phi)*np.sin(delta)
c2 = np.cos(phi)*np.cos(delta)*np.sin(eta_d)
cosbar = (1/np.pi)*(c1+c2)

# step 9, calculate the flux
F = S_0 * (1.0/d)**2 * cosbar
return(F)

[86]: # orbital constants
gamma0 = 23.44
pi0 = 282.95
e0 = 0.017

# latitude
phi = 35.0
n = 1000

# calculate insolation
t = np.linspace(0,365,num=n)
S = np.zeros(n)
for i,ti in enumerate(t):

S[i] = calc_point_insolation(ti,phi,gamma0,pi0,e0)

# albedos
alpha_c = 0.4
alpha_o = 0.1

# calculate fluxes
F1 = (1-alpha_o)*S
F2 = (1-alpha_c)*(1-alpha_o)*S
dF = F1 - F2

# make figure
plt.figure(figsize=(10,12))

plt.subplot(211)
plt.plot(t,S,"k-",label="total")
plt.plot(t,np.mean(S)*np.ones(len(t)),"k:")
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plt.text(np.mean(t),np.mean(S)+5,"{:.1f}".format(np.
↪→mean(S)),fontsize=15,color="k")

plt.plot(t,F1,"b-",label="net w/o clouds")
plt.plot(t,np.mean(F1)*np.ones(len(t)),"b:")
plt.text(np.mean(t),np.mean(F1)+5,"{:.1f}".format(np.
↪→mean(F1)),fontsize=15,color="b")

plt.plot(t,F2,"r-",label="net w/ clouds")
plt.plot(t,np.mean(F2)*np.ones(len(t)),"r:")
plt.text(np.mean(t),np.mean(F2)+5,"{:.1f}".format(np.
↪→mean(F2)),fontsize=15,color="r")

plt.xlabel("Day of year since Jan 1")
plt.ylabel("Irradiance [W/m$^2$]")
plt.ylim([0,500])
plt.legend()

plt.subplot(212)
plt.plot(t,dF,"k-")
plt.plot(t,np.mean(dF)*np.ones(len(t)),"k:")
plt.text(np.mean(t),np.mean(dF)+2,"{:.1f}".format(np.
↪→mean(dF)),fontsize=15,color="k")

plt.xlabel("Day of year since Jan 1")
plt.ylabel("Change in irradiance [W/m$^2$]")

plt.rcParams.update({"font.size":15})
plt.tight_layout()
plt.show()
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