
ESE 101 Problem Set 5 Answer Key

1. Greenhouse effect. We take a simple model for the greenhouse effect where there is an
optically thin stratosphere that is isothermal with temperature Tt = 2−1/4Te. We assume
that the tropopause has a constant lapse rate, such that the temperature in the tropopause
is T (z) = Ts − Γz, where Γ = −∂T

∂z is the lapse rate.

a) The height of the tropopause in this model, Ht, is where the temperature T (z) is equal
to the stratospheric temperature, Tstrat = Tt.

T (Ht) = Tt = Ts − ΓHt → Ht =
Ts − Tt

Γ

The tropopause must exist in this model because we assume a constant lapse rate,
Γ > 0, in the troposphere, but a zero lapse rate in the stratosphere, so there must be
some temperature and altitude at which these two regimes meet.

In the real atmosphere, turbulent motions in the troposphere, driven by surface heating,
act to homogenize the temperatures and decrease the lapse rate relative to the dry
adiabatic lapse rate. Also, the stratosphere is heated from absorption of UV radiation
by ozone which creates the negative lapse rate observed.

b) The emission height He is the height of peak longwave emission. On the last homework
we derived the height of peak shortwave absorption. But from Kirchoff’s law we know
that absorption should equal emission, so let’s assume that He has the same form as zmax.
Also, we will assume the radiation is isotropic, so integrating over θ we get cos θ = 1

2 .
Thus,

He =
RTe
g

ln

(
Makabsps
g cos θ

)
=
RTe
g

[
ln

(
2kabsps
g

)
+ ln(Ma)

]
where Ma is the mixing ratio of infrared absorbers. Also, when we are making this
assumption that the emissions height follows the same form as what we derived on the
last homework we should note that we did that derivation in an isothermal atmosphere,
but in this model the atmosphere is definitely not isothermal. What this amounts to,
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when you take T = Te is that you are assuming your atmosphere is actually just a very
thin layer of atmosphere with your absorbers at a height He and temperature Te and
neglecting the vertical structure.

With these assumptions you find

He(Ma) = C0 +
RTe
g

ln(Ma)

where the emissions height is proportional to your emissions temperature Te and also
proportional to the log of the mixing ratio of absorbers.

c) If you increase the mixing ratio of absorbers, Ma, then you will increase your emissions
height (this is the greenhouse effect). Given a lapse rate, Γ, and emissions temperature,
Te, the surface temperature is

Ts = Te + ΓHe

= Te + ΓC0 +
ΓRTe
g

ln(Ma)

The logarithmic dependence of emissions height and surface temperature on arises from
the exponential decay of pressure with altitude, which translates to an exponential decay
of density and optical depth with altitude.

We assume that the lapse rate doesn’t change, so the change in surface temperature is
just

∆Ts = Γ∆He

The change in emissions height when the concentration of absorbers is increased by a
factor b is

∆He = He(bMa)−He(Ma)

=

(
C0 +

RTe
g

ln(bMa)

)
−
(
C0 +

RTe
g

ln(Ma)

)
=
RTe
g

(ln(bMa)− ln(Ma)) =
RTe
g

ln

(
bMa

Ma

)
=
RTe
g

ln(b)

Therefore, the change in surface temperature is

∆Ts =
ΓRTe
g

ln(b)

The a doubling of CO2, the change in surface temperature is

∆Ts(b = 2) =
(6.5× 10−3)(287)(255)

9.8
ln(2) = 33.6 K

For a quadrupling,

∆Ts(b = 4) =
(6.5× 10−3)(287)(255)

9.8
ln(4) = 67.3 K
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d) The tropopause height is
Ht = He + Γ(Te − Tt)

For a fixed lapse rate, the change in tropopause height is just equal to the change in
emission height

∆Ht = ∆He =
RTe
g

ln(b)

For a doubling of CO2, the change in tropopause height is

∆Ht(b = 2) =
(287)(255)

(9.8)(1000)
ln(2) = 5.2 km

For a quadrupling,

∆Ht(b = 4) =
(287)(255)

(9.8)(1000)
ln(4) = 10.4 km

e) We are currently running a fascinating “experiment” with our planet where we have been
increasing the concentration of GHGs in the atmosphere. For CO2, we have increased
from about 280 ppm in the pre-industrial era to about 410 ppm at present. This is not
quite a doubling, but from our observations the height of tropopause has definitely not
changed by even close to 5 km as our very simple model predicts.

This model is flawed in several important regards.

• Most importantly is probably that this simple model is for a grey atmosphere (where
emissivity is independent on wavelength), which our atmosphere is not.

• Our model also assumes the absorbers are well-mixed. This is a decent assumption
for some GHGs like CO2, but not very true for water vapor.

• The lapse rate is assumed fixed so we don’t have a lapse rate feedback in this model.

• Also, our model has an isothermal stratosphere because it is neglecting ozone heat-
ing.

But as a first-order approximation our model captures the correct trend of increasing
tropopause (and emissions) height with increasing concentration of absorbers.

2. a) We can decompose the time-averaged meridional energy flux into a mean flow and a
time-varying eddy flow.

vE + v′E′ = vE +
1

T

∫ T

0
v′E′dt

= vE +
1

T

∫ T

0
(v − v)(E − E)dt

= vE +
1

T

∫ T

0
(vE − vE − vE + vE)dt

= vE + vE − vE − vE + vE

= vE
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Likewise, we can decompose the zonally-averaged meridional energy flux into a mean
flow and a zonally-varying eddy flow.

[v][E] + [v∗E∗] = [v][E] +
1

2π

∫ 2π

0
v∗E∗dλ

= [v][E] +
1

2π

∫ 2π

0
(v − [v])(E − [E])dλ

= [v][E] +
1

2π

∫ 2π

0
(vE − [v]E − v[E] + [v][E])dλ

= [v][E] + [vE]− [v][E]− [v][E] + [v][E]

= [vE]

Using these relationships we can decompose the time and zonal mean flux:

[vE] = [vE] + [v′E′]

is just a zonal mean of the first relationship. Then, we can use the second relationship
to break down the first term:

[vE] = [v][E] + [v∗E
∗
] + [v′E′]

This decomposition is not always meaningful. You need a sufficiently large tempo-
ral/spatial average to be able to pick out the variability you are interested in. This will
depend on the phenomena you are looking at. For example, over an annual mean, the
seasonal cycle will appear as an eddy (a deviation from the mean), but this is not what
is meant by eddy in the canonical sense. Or on the other hand, a hourly average will
represent a short, passing storm as the mean flow. Usually, a temporal scale shorter than
the seasonal cycle, but longer than the average time of an atmospheric storm (1 week) is
chosen, e.g. 1 month averages. Any deviations from that are considered the eddy terms.
A stationary eddy could describe a phenomenon like the temperature contrast between
Japan and California (or the East Coast and Europe) where Pasadena is much warmer
than Tokyo even though they are at similar latitudes.

b) The time and zonal mean meridional energy flux, [vE] can be decomposed (as above)
into the mean flux (first term), stationary eddy flux (second term), and transient eddy
flux (third term). The stationary eddy term describes how the time-mean flow varies in
space. The transient term describes how the flow varies in time.
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